
OPERATOR PRODUCT TECHNOLOGY

State-operator correspondence

φ(z) =
∑
n∈Z

φnz
−n−∆ φn>−∆ 1 = 0 φ = φ−∆ 1 1(z) = id

Operator product expansions

A(z)B(w) =
∑
n�∞

[AB]n(w)

(z − w)n

[AB]n(w) =

∮
Cw

dz

2πi
(z − w)n−1A(z)B(w)

Derivation

[(∂A)B]n = (1− n)[AB]n−1 [A(∂B)]n = (n− 1)[AB]n−1 + ∂[AB]n

Normal-ordered products

(AB)(z) ≡ [AB]0(z) =
∑

n

(AB)nz
−n−∆A−∆B

(AB)n =
∑

`≤−∆A

A`Bn−` + (−)|A||B|
∑

`>−∆A

Bn−`A`

([AB]) ≡ (AB)− (−)|A||B|(BA)

(A(BC)) = (−)|A||B|(B(AC)) + (([AB])C)

Rearrangements

[AB]n − (−)|A||B|+n[BA]n =
∑
`≥1

(−)1+`

`!
∂`[AB]n+`

= (−)|A||B|
∑
`≥1

(−)n+`

`!
∂`[BA]n+`
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Jacobi-type identities

[A[BC]n]1 = [[AB]1C]n + (−)|A||B|[B[AC]1]n

[A[BC]0]n = (−)|A||B|[B[AC]n]0 +
n−1∑
`=0

(
n−1

`

)
[[AB]n−`C]`

[A[BC]n]m>0 =
m−1∑
`=0

(
m−1

`

)
[[AB]m−`C]n+` + (−)|A||B|[B[AC]m]n

=
∑
`≥0

(−)`

`!
[[(∂`A)B]mC]n+` + (−)|A||B|[B[AC]m]n

[A[BC]m]n =
∑
`≥0

(−)`
(

m−1
`

) (
[[AB]n+`C]m−` + (−)n+|A||B|[B[AC]`+1]m+n−`−1

)

[[AB]pC]q =
∑
n≥q

(
p−1
n−q

)
(−)n−q[A[BC]n]p+q−n−(−)|A||B|

∑
n>0

(
p−1
n−1

)
(−)n+p[B[AC]n]p+q−n

[(AB)C]q =
∑
n≥q

[A[BC]n]q−n + (−)|A||B|
∑
n>0

[B[AC]n]q−n
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