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Overview

Zero Curvature/Lax

Equations Spectral Curve C C S
—
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Reconstruction — Baker-Akhiezer Function

tU + C € Jac(C)
» BPS Monopoles
» Sigma Model reductions in AdS/CFT
» KP, KdV solitons
» Harmonic Maps
» SW Theory/Integrable Systems
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Zero Curvature/Lax

Equations Spectral Curve C C S
—
T 1
Reconstruction — Baker-Akhiezer Function

tU + C € Jac(C)
Difficulties:

» Transcendental constraints. £? trivial
» Flows and Theta Divisor. H%(C,£) =0
0 (tU + Cr)
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Setting

BPS Monopoles

Reduction of F = xF

v
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A monopole of charge n

~ 1—2—nr+0(r*2), r=y/x}+x3+x3
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Monopoles <+ Nahm Data <+ Hitchin Data

H.W. Braden Symmetry, Curves and Monopoles



Setting

BPS Monopoles: Nahm Data for charge n SU(2) monopoles

Three n x n matrices T;(s) with s € [0, 2] satisfying the following:

daT; 1 <
N1 Nahm’s equation ds’ = > Z ijk[Tj, Tk
Jk=1

N2 T;(s) is regular for s € (0,2) and has simple poles at s = 0, 2.
Residues form su(2) irreducible n-dimensional representation.

N3 Ti(s) = —T/(s), Ti(s)= T2 —s).
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Setting

BPS Monopoles: Nahm Data for charge n SU(2) monopoles

Three n x n matrices T;(s) with s € [0, 2] satisfying the following:

3

, . d7; 1
N1 Nahm’s equation ds’ = 5 Z 6ijk[Tja Tk]-
Jik=1
N2 T;(s) is regular for s € (0,2) and has simple poles at s = 0, 2.

Residues form su(2) irreducible n-dimensional representation.
N3 Ti(s) = —T/(s), Ti(s)=TH2—>s).

A(C) = T1 +iTy — 2iT3¢ + (Ty — iTo)¢?
M(C) = —iTs + (Ty — iT2)¢

3
, dT; 1 d
Nahm's eqn. 7 2j;1 ik Tj, Te] = [E + M, Al = 0.
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Spectral Curves
ccs

>[*+M() A(Q)] =0, C: 0=det(nl,+ A(C)) := P(n,¢)

P(n.¢) =n"+a(O)n" " +... 4 an(C)
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Spectral Curves

ccs
> [*+’V’() A =0, C: 0=det(nl,+ A(¢)) := P(n,()

P(n.¢) =n"+a(O)n" " +... 4 an(C)

» Where does C lie? CCS
d
> Crmonopole C TPL =S (n,¢) — i TP
Minitwistor description
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Spectral Curves

ccs
>[*+/\/’() A(Q)] =0, C: 0=det(nl,+ A(C)) := P(n,¢)

P(n.¢) =n"+a(O)n" " +... 4 an(C)

» Where does C lie? CCS
> Cmonopole C TPI =38 (77, C) — ndic S TPI
Minitwistor description
Co—model C P?:=S
S = T*X Hitchin Systems on a Riemann surface *
S =K3
S a Poisson surface
separation of variables <+ Hilb[M(S)
X the total space of an appropriate line bundle £ over § <>
noncompact CY

vV vy v vy VY
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Spectral Curves

ccs
>[*+/\/’() A(Q)] =0, C: 0=det(nl,+ A(C)) := P(n,¢)

P(n.¢) =n"+a(O)n" " +... 4 an(C)

» Where does C lie? CCS
> Cmonopole C TPI =38 (77, C) — ndic S TPI
Minitwistor description
Co—model C P?:=S
S = T*X Hitchin Systems on a Riemann surface *
S =K3
S a Poisson surface
separation of variables <+ Hilb[M(S)
X the total space of an appropriate line bundle £ over § <>
noncompact CY

> Symmetry: C C P [X, Y, Z] ~ [\2X,\bY,A°Z], \ € C*

vV vy v vy VY



Spectral Curves: data

» Homology basis {7,-},?51 = {a;,b;}%_,
» algorithm for branched covers of P! (Tretkoff & Tretkoff)
» poor if curve has symmetries

» Holomorphic differentials du; (i =1,...,g)
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Spectral Curves: data

» Homology basis {'y,-},?ﬁl = {a;,b;}%_,
» algorithm for branched covers of P! (Tretkoff & Tretkoff)
» poor if curve has symmetries

» Holomorphic differentials du; (i =1,...,g)
> Period Matrix 7 = BA™! where

B fbi dUJ'
» Principle (Kontsevich, Zagier): Whenever you meet a new

number, and have decided (or convinced yourself) that it is
transcendental, try to figure out whether it is a period
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Spectral Curves: data

» Homology basis {'y,-},?ﬁl = {a;,b;}%_,
» algorithm for branched covers of P! (Tretkoff & Tretkoff)
» poor if curve has symmetries

» Holomorphic differentials du; (i =1,...,g)
> Period Matrix 7 = BA™! where

() - (f4)

» Principle (Kontsevich, Zagier): Whenever you meet a new
number, and have decided (or convinced yourself) that it is
transcendental, try to figure out whether it is a period

> normalized holomorphic differentials wj, §, w; = dj §, w; = 7

v

C often has an antiholomorphic involution/real structure

H.W. Braden Symmetry, Curves and Monopoles



Spectral Curves: data

» Homology basis {7;}78, = {a;,b;}%_,
» algorithm for branched covers of P! (Tretkoff & Tretkoff)
» poor if curve has symmetries

» Holomorphic differentials du; (i =1,...,g)

> Period Matrix 7 = BA™! where

() - (f4)

» Principle (Kontsevich, Zagier): Whenever you meet a new
number, and have decided (or convinced yourself) that it is
transcendental, try to figure out whether it is a period

» normalized holomorphic differentials w;, fa/ wj = djj fbi wj = Tjj

C often has an antiholomorphic involution/real structure
» reality constrains the form of the period matrix.

> there may be between 0 and g + 1 ovals of fixed points of the
antiholomorphic involution.

» Imposing reality can be one of the hardest steps.
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Spectral Curves: Flows

0 (tU + C|7)
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Spectral Curves: Flows

6 (tU + C|7)
» Meromorphic differentials describe flows <—=- U
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Spectral Curves: Flows

6 (tU + C|7)
» Meromorphic differentials describe flows <—=- U
» f(e|T)=0<=ec©CJacC
P

> e=dq <Z Pi) +Kq,  ¢q(P) 3—/ w
=1

Q

g—1 -
multe 0 = i (Z; Pi> = dim H*(C, Lys-1p) = dim HY(C, Lsep)
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Spectral Curves: Flows

6 (tU + C|7)
» Meromorphic differentials describe flows <—=- U
» f(e|T)=0<=ec©CJacC
P

> e=dq <Z Pi) +Kq,  ¢q(P) 3—/ w
i=1

Q
g—1
multe 0 = i (Z; Pi> = dim H*(C, Lys-1p) = dim HY(C, Lsep)
> —Kog=0¢:(A—(g-1)Q) = ¢q (D),
degA=g—-1, 2A=K¢
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Spectral Curves: Flows

6 (tU + C|7)
» Meromorphic differentials describe flows <—=- U
» f(e|T)=0<=ec©CJacC

g1 P
> e=dq <Z Pi) + Ko, 9q(P) 1‘/@ w
g_1121
multe 0 = i (Z; Pi> = dim H*(C, Lys-1p) = dim HY(C, Lsep)

> —Ko =0.(A—(g-1)Q) = dq (D),
degA=g—-1, 2A=K¢

» C often constrained by fixing periods of a given meromorphic
differential

» BPS Monopoles
» Sigma Model reductions in AdS/CFT
» Harmonic Maps
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Why? Can be used to simplify the period matrix and integrals.
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Why? Can be used to simplify the period matrix and integrals.
o € Aut(C)

o*wj :kaJ’-‘, O« <E:> =M (Ei) = (é g) <Ei> , M € Sp(2g,7Z)

H.W. Braden Symmetry, Curves and Monopoles



Why? Can be used to simplify the period matrix and integrals.
o € Aut(C)

w = [ =—— = L << MIN=TIL
f;w ]{ <c p)\B)~\B

Restricts 7: TBT+7TA—- D7 - C=0
Curves with lots of symmetries: evaluate 7 via character theory

H.W. Braden Symmetry, Curves and Monopoles



Why? Can be used to simplify the period matrix and integrals.
o € Aut(C)

w = [ =—— = L << MIN=TIL
f;w ]{ <c p)\B)~\B

Restricts 7: TBT+7TA—- D7 - C=0
Curves with lots of symmetries: evaluate 7 via character theory

» How can one specify homology cycles?
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Riemann surface cycle painter 9@ &

Add path
Delete path
Clear path

all] [2]

a[2]

al3) L

b[1]

b2 =

hi31 -
Active/Visible paths

a[1]

Sheets data

L-L coord |-2-271
U-R df2+27

0-f(z |, [w [y = WA7-(2-1)* (2-Ro0tOf( 22+ 7+ L 2*(z]
Base poind0+0°| [sheets base1+1°1 | Applysurface |
Description: | |
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Why? Can be used to simplify the period matrix and integrals.
o € Aut(C)

w = [ =—— = L << MIN=TIL
f;w ]{ <c p)\B)~\B

Restricts 7: TBT+7TA—- D7 - C=0
Curves with lots of symmetries: evaluate 7 via character theory

» How can one specify homology cycles?
» How to determine M, o.(y) = M.4? extcurves
» How to determine a good basis {7;}?
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Calculation

Example: Klein's Curve and Problems

» C: X3Y+ Y324+ 23X =0
» Aut(C) = PSL(2,7) order 168.
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Calculation

Example: Klein's Curve and Problems

» C: X3Y +Y3Z+2Z3X=0

» Aut(C) = PSL(2,7) order 168.
—143iV7  —1-iV7 =347

8 4 3
—1-iV7 14iWV7 =1-iV7
4 2 4
—3+iV7  —1-iVT - TH31VT
8 4 8

> TRL =
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Calculation

Example: Klein's Curve and Problems

» CX3Y 4+ Y324+ 23X =0
» Aut(C) = PSL(2,7) order 168.
> Cwl = (z-1)(z—p)*(z—p*)", p=exp(27i/3)

D

Figure: Homology basis in (z, w) coordinates
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Calculation

Example: Klein's Curve and Problems

C: X3Y+Y3Z+273X=0

| 4
» Aut(C) = PSL(2,7) order 168.
> Cwl = (z-1)(z—p)*(z—p*)", p=exp(27i/3)
1 (€ 11 .
»7=-|1 e 1], e:;lgl‘ﬁ
2 1 1 e
KQ:ﬁ(?’a_laS) Q:(Z7 W):(,0,0)
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Calculation

Example: Klein's Curve and Problems

C: X3Y+Y3Z+273X=0

>
» Aut(C) = PSL(2,7) order 168.
> Cwl = (z-1)(z—p)*(z—p*)", p=exp(27i/3)
1 (€ 11 .
»7=-|1 e 1], e:;lgl‘ﬁ
1 1 e

Ko=—=(3.-15)  Q=(zw)=(p0)

This depends on finding a good adapted basis simplifying the
action of Aut(C) on H1(C,Z)
Symplectic Equivalence of Period Matrices 7, 7/

(A B o
I\/I_(C D)GSp(2g,Z)<:>I\/I M = J

, 1
(v —1)mM(_)=o0
T

v

v



Calculation: The spectral curve of genus 4

C: w3+ awz? + 828 +428 -3 =0
C3z:(z,w) — (pz,pw), p= exp(27r1/3
b b

R _ i+k
7¢ monopole

a b
b c
b d
b d

d
d
c

Q 0 Q

.21

AN 1130

22 sheet 3
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Calculation

The spectral curve of genus 2

= (* + ax +7)? + 452

_ (3 b
"=\ b c+2d

Figure: Projection of the previous basis
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BPS Monopoles

Hitchin data

H1 C ¢ TP! Reality conditions a,(¢) = (—1)"¢* a,(—

i

H2 L2 is trivial on C and £Y(n — 1) is real.
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BPS Monopoles

Hitchin data

H1 C ¢ TP! Reality conditions a,(¢) = (—1)"¢* a,(—=)

i

H2 L2 is trivial on C and £Y(n — 1) is real.
<= Ercolani-Sinha Constraints:

.
U A= U=k (fi oo i, ) = 3nt rm
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BPS Monopoles

Hitchin data

H1 C ¢ TP! Reality conditions a,(¢) = (—1)"¢* a,(—=)

i

H2 L2 is trivial on C and £Y(n — 1) is real.
<= Ercolani-Sinha Constraints: -

1 1 1
2UeN<= U=~ (§b17°ov"'7fhg700> = 5N+ 5Tm
<= dl-cyclees=n-a+m-bst.

.A nn—2
n
First transcendental constraint. Number Theory4+Ramanujan
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BPS Monopoles

Hitchin data

H1 C ¢ TP! Reality conditions a,(¢) = (—1)"¢* a,(—=)

i

H2 L2 is trivial on C and £Y(n — 1) is real.
<= Ercolani-Sinha Constraints: -
2U€/\‘:’U:ﬁ(j;blev""fthw) =in+irm

<= dl-cyclees=n-a+m-bst.
n—2

A Ui
(rl,m) <B) :—2(0,...,0,1), dUg:@dC,
on
First transcendental constraint. Number Theory4+Ramanujan

H3 HO(C,L£5(n—2)) =0 for s € (0,2)<= 0(sU+C|7)#0
C=Kq+¢q (("—2)Zook
k=1

Second transcendental constraint.
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Cyclically Symmetric Monopoles

» SO(3) induces an action on TP! via PSU(2)

p 4q 2 2
_ _ ) e PSU2), + =1,
( - p> @, 1o +1al

pC—q n
ac+p " (@C+pp
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Cyclically Symmetric Monopoles

» SO(3) induces an action on TP! via PSU(2)

» Invariant curves yield symmetric monopoles.

H.W. Braden Symmetry, Curves and Monopoles



Cyclically Symmetric Monopoles

» SO(3) induces an action on TP! via PSU(2)

» Invariant curves yield symmetric monopoles.

> w=exp(2mi/n), (1,¢) = (wn,w()
Cn symmetric (centred) charge-n monopole curve of form

C: n"+a" 2C+. . 4a,("+BC"+(-1)"8=0, a,f€R

» C a n: 1 unbranched cover Affine Toda Spectral Curve
Cc:=C/c, V2= (x"+ax"? ... +a,)*—4(-1)"p°
8monopole = (n - 1)2| 8Toda = (n - 1)

H.W. Braden Symmetry, Curves and Monopoles



Cyclically Symmetric Monopoles

SO(3) induces an action on TP via PSU(2)

Invariant curves yield symmetric monopoles.

w = exp(27rf/n), (777 C) — (W777w<)

Cn symmetric (centred) charge-n monopole curve of form

C: n"+am™ 2% +.. . 4+an("+ B¢ +(~1)"3 =0, a;,8€R
» C a n: 1 unbranched cover Affine Toda Spectral Curve
Cc:=C/c, V2= (x"+ax"? ... +a,)*—4(-1)"p°

8monopole = (n - 1)2| 8Toda = (n - 1)
Sutcliffe’s Ansatz: Cyclic Nahm eqns. D Affine Toda eqns.

v

v

v

v
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Cyclically Symmetric Monopoles

SO(3) induces an action on TP via PSU(2)
Invariant curves yield symmetric monopoles.

w = exp(2mi/n), (n,¢) = (wn,w()
Cn symmetric (centred) charge-n monopole curve of form

C: n"+a" 2C+. . 4a,("+BC"+(-1)"8=0, a,f€R

v

v

v

» C a n: 1 unbranched cover Affine Toda Spectral Curve
C:=C/c, y’=(x"+ax"2+. .. +a,)>—4(-1)"p
8monopole = (n - 1)2v 8Toda = (n - 1)

Sutcliffe’s Ansatz: Cyclic Nahm eqns. D Affine Toda eqns.

v

» Cyclic Nahm egns. = Affine Toda eqns.

Theorem

Any cyclically symmetric monopole is gauge equivalent to Nahm
data given by Sutcliffe’'s ansatz, and so obtained from the affine
Toda equations.

H.W. Braden Symmetry, Curves and Monopoles



Cyclically Symmetric Monopoles

» Cyclic monopoles = (particular) Affine Toda solns.
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Cyclically Symmetric Monopoles

» Cyclic monopoles = (particular) Affine Toda solns.
» 1:C—=C:=C/C,

AU+ C=7"(\u+c), u, c € Jac(Croda)
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Cyclically Symmetric Monopoles

» Cyclic monopoles = (particular) Affine Toda solns.
» 1:C—=C:=C/C,

AU+ C=7"(\u+c), u, c € Jac(Croda)

» Fay-Accola

n

O[Cl(7*Z; Tmonopole) = € H flei](z; TToda)
i=1

" O-functions are still far from being a spectator sport.”(L.V. Ahlfors)
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C3 Cyclically Symmetric Monopoles

> ¢ = 7(es)
Y2=(X3+aX+g)>+4

dx_

v 0

ES conditions =
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C3 Cyclically Symmetric Monopoles

> ¢ = 7(es)
Y2= (X3 +aX+g)+4 ’
dX
ES conditions = ¢ — =0 — T
Y D
c T
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C3 Cyclically Symmetric Monopoles

> ¢ = 7(es)
Y2= (X3 +aX+g)+4
dX
ES conditions = ¢ — =0 — T
Y D
c e

» With a = /%3, g = /8 and 3 defined by
XdX
1/3 _
63 7{ 2
c

we may recover the monopole spectral curve.
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