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2d TFTs with defects

Worldsheet, partitioned into domains:

theories

defect lines

field insertions
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A TFT assigns a number 〈. . .〉, the correlator, to any worldsheet,
depending only on isotopy class of defect lines:

〈 〉
=

〈 〉

Petkova/Zuber 2000, Bachas/Gaberdiel 2004, Fuchs/Runkel/Schweigert 2004, Davydov/Kong/Runkel 2010
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2d TFTs with defects

Defect fusion gives product

〈

X Y

〉
=

〈

X ⊗ Y

〉

〈

I X

〉
=

〈

X

〉

operator product of fields

〈
ψ

ϕ

〉
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〈

ψϕ

〉
=

〈
1
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〉

Claim. 2d TFTs with defects give bicategory:

objects (domains) = theories

1-morphisms (lines) = defects

2-morphisms (points) = fields
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Diagrammatics in bicategories
X
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Orientation matters:

X
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Orientation and adjoints

X† X

I

= evX : X†⊗X −→ I
X†X

I

= coevX : I −→ X⊗X†

Defects are topological:
Definition. A bicategory has adjoints if for each 1-morphism X there is
a 1-morphism X† with 2-morphisms evX , coevX such that the above
Zorro moves hold.
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Landau-Ginzburg models

theories: potentials W ∈ R = C[x1, . . . , xn], dim(R/(∂W )) <∞

defects between W ∈ R and V ∈ S: matrix factorisations of
V −W , i. e. free Z2-graded (R⊗ S)-modules X = X0 ⊕X1 with

dX =

(
0 d1X
d0X 0

)
∈ End1

R⊗S(X) , d2X = (V −W ) · 1X

fields between X and Y : (BRST) cohomology of

Hom(X,Y ) 3 ψ 7−→ dY ψ − (−1)|ψ|ψdX

Example. R = C[x],W = xd, X = R⊕R,

dX =

(
0 xn

xd−n 0

)
, ψ =

(
xi 0
0 xi

)
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Landau-Ginzburg models

defect fusion: X ⊗ Y , dX⊗Y = dX ⊗ 1 + 1⊗ dY

invisible defect:

IW = (R⊗R)⊕2 , dIW =

(
0 x− y

W (x)−W (y)
x−y 0

)

for n = 1, in general:

IW =
∧( n⊕

i=1

(R⊗R) ·θi
)
, dIW =

n∑

i=1

(
(xi−yi) ·θ∗i +∂[i]W ·θi

)

Fact. End(IW ) ∼= R/(∂W ) = bulk space

X

XI

λX : I ⊗X // // (R⊗R)⊗X mult. // X ,

X

X I

ρX : X ⊗ I // X

operator product: matrix multiplication
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Main result

Theorem. Landau-Ginzburg models give a bicategory, called LG.

Theorem. LG has adjoints:
Let W ∈ C[x1, . . . , xn], V ∈ C[z1, . . . , zm], X matrix fact. of V −W :

X

V W

X†

W V X† = X∨[n] dX† =

(
0 (d0X)T

−(d1X)T 0

)
[n]

X†X

I

= coevX : 1 7−→ ∂[1]dX . . . ∂[n]dX ∈ X ⊗X∨

X† X

I

= evX = Res

[
str
(
(−) ◦ ∂z1dX . . . ∂zmdX

)
dz

∂z1V . . . ∂zmV

]
+O(θ)

Carqueville/Runkel 2009
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Applications

(1) Boundary topological metric / 2-point disk correlator

W

X

ψ
ϕ

=

W

evX

c̃oevX

ψ
ϕ

= evX ◦(1⊗ ψϕ) ◦ c̃oevX

= Res

[
str
(
ψϕ∂x1dX . . . ∂xndX

)
dx

∂x1W . . . ∂xnW

]

Recover Kapustin-Li pairing as a 2-morphism!
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Applications

(2) Defect action on bulk fields

: for defect X between W (x) and V (z)

write Λ
(x)
X =

∏
i ∂xidX and Λ

(z)
X =

∏
j ∂zjdX .

DrX(ψ) =

V

W

X ψ =

V

W

X ψ

λX†

λ−1
X†

= Res

[
ψ str

(
Λ
(x)
X Λ

(z)
X

)
dx

∂x1W . . . ∂xnW

]

DlX(φ) =

W

V

Xφ =

W

V

Xφ

λX

λ−1X

= Res

[
φ str

(
Λ
(x)
X Λ

(z)
X

)
dz

∂z1V . . . ∂zmV

]

Special cases DlX(1) and DrX(1) are left and right quantum dimensions.
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Applications

DrX(ψ) = Res

[
ψ str

(
Λ
(x)
X Λ

(z)
X

)
dx

∂x1W . . . ∂xnW

]
, DlX(φ) = Res

[
φ str

(
Λ
(x)
X Λ

(z)
X

)
dz

∂z1V . . . ∂zmV

]

Left and right defect actions are adjoint with respect to the bulk
topological metric:

〈
DlX(φ), ψ

〉
W

=
〈
φ,DrX(ψ)

〉
V
, 〈α, β〉V = Res

[
αβ dz

∂z1V . . . ∂zmV

]

Rise of the Planet of the Coevaluations

In the lower part of the expression for Dl(X)(φ) in (7.1) we have

�coev(1) =
�

j

(−1)|ej |(εΨ)
�
(−AtX)n(e∗j ⊗ ej)

�

=
�

j

(−1)|ej |+n(−1)(|ej |+1)+...+(|ej |+n)+n|ej |e∗j ⊗ ekn ⊗ (εΨ)
�
d(dX)knkn−1 . . . d(dX)k1j

�

=
�

j

(−1)|ej |(|ej |+n)+(n+1
2 )+ne∗j ⊗ ekn

�
∂[1]dX . . . ∂[n]dX

�
knj

=
�

j

(−1)|ej |(|ej |+n)+(n
2)e∗j ⊗

�
∂x1dX . . . ∂xndX

�
(ej) (7.3)

which we identify with (−1)(
n
2)∂x1dX . . . ∂xndX in End(X). Note that in the last step leading to (7.3)

we set ∂[i]dX(x, z) = ∂xidX(x, z) since x = x� in End(∆W ).

Next we apply the upper part of Dl(X)(φ) in (7.1) to (7.3) to get

Dl(X)(φ) = (−1)(
m+1

2 )+(n
2) Resk[x,z]/k[x]

�
φ(z) str

�
∂z1dX . . . ∂zmdX∂x1dX . . . ∂xndX

�
dz

∂z1V . . . ∂zmV

�
+ O(θ) .

Here we collectively denote the contributions from evX of non-zero degree in the Koszul complex
∆W by O(θ). Since we know that Dl(X)(φ) is a morphism in End(∆W ) = k[x]/(∂xiW ) it follows
that O(θ) must be null-homotopic, thus concluding the proof.

Corollary 7.3. For any X ∈ hmf(k[x, z], V − W ) the operators Dl(X) and Dr(X) are adjoint
with respect to the pairings (7.2), i. e. we have

�
Dl(X)(φ), ψ

�
W

=
�
φ, Dr(X)(ψ)

�
V

(7.4)

for all φ ∈ End(∆V ) and ψ ∈ End(∆W ).

Proof. This directly follows from the explicit expressions for Dl(X), Dr(X) and
�
−,−

�
W

,
�
−,−

�
V

,
together with the transitivity rule for residues.

Remark 7.4. We recall the physical interpretation of the relation (7.4). Both sides of this equation
are two-point correlators on the Riemann sphere, with a defect line labelled by X wrapped around
counterclockwise the bulk field φ, or wrapped around ψ in clockwise fashion. That both correlators
should be equal follows from the fact that the topological defect can be moved around the sphere
at no cost:

�

φ ψ

�
=

�

φ ψ

�
=

�

φ ψ

�
.

Proposition 7.5. (i) Dl(∆) = 1 = Dr(∆),

(ii) Dl(X) = Dr(X
†),

(iii) Dl(Y ⊗ X) = Dl(X) ◦ Dl(Y ),

(iv) Dr(Y ⊗ X) = Dr(Y ) ◦ Dr(X).

Proof. (i) TODO: either cite Polishchuk-Vaintrob and/or use coev∆ = λ−1
∆ etc.

33
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2)e∗j ⊗

�
∂x1dX . . . ∂xndX

�
(ej) (7.3)

which we identify with (−1)(
n
2)∂x1dX . . . ∂xndX in End(X). Note that in the last step leading to (7.3)

we set ∂[i]dX(x, z) = ∂xidX(x, z) since x = x� in End(∆W ).

Next we apply the upper part of Dl(X)(φ) in (7.1) to (7.3) to get

Dl(X)(φ) = (−1)(
m+1

2 )+(n
2) Resk[x,z]/k[x]

�
φ(z) str

�
∂z1dX . . . ∂zmdX∂x1dX . . . ∂xndX

�
dz

∂z1V . . . ∂zmV

�
+ O(θ) .

Here we collectively denote the contributions from evX of non-zero degree in the Koszul complex
∆W by O(θ). Since we know that Dl(X)(φ) is a morphism in End(∆W ) = k[x]/(∂xiW ) it follows
that O(θ) must be null-homotopic, thus concluding the proof.

Corollary 7.3. For any X ∈ hmf(k[x, z], V − W ) the operators Dl(X) and Dr(X) are adjoint
with respect to the pairings (7.2), i. e. we have

�
Dl(X)(φ), ψ

�
W

=
�
φ, Dr(X)(ψ)

�
V

(7.4)

for all φ ∈ End(∆V ) and ψ ∈ End(∆W ).

Proof. This directly follows from the explicit expressions for Dl(X), Dr(X) and
�
−,−

�
W

,
�
−,−

�
V

,
together with the transitivity rule for residues.

Remark 7.4. We recall the physical interpretation of the relation (7.4). Both sides of this equation
are two-point correlators on the Riemann sphere, with a defect line labelled by X wrapped around
counterclockwise the bulk field φ, or wrapped around ψ in clockwise fashion. That both correlators
should be equal follows from the fact that the topological defect can be moved around the sphere
at no cost:

�

φ ψ

�
=

�

φ ψ

�
=

�

φ ψ

�
.

Proposition 7.5. (i) Dl(∆) = 1 = Dr(∆),

(ii) Dl(X) = Dr(X
†),

(iii) Dl(Y ⊗ X) = Dl(X) ◦ Dl(Y ),

(iv) Dr(Y ⊗ X) = Dr(Y ) ◦ Dr(X).

Proof. (i) TODO: either cite Polishchuk-Vaintrob and/or use coev∆ = λ−1
∆ etc.

33



Applications

V

W

X ψ = Res

[
ψ str

(
Λ
(x)
X Λ

(z)
X

)
dx

∂x1W . . . ∂xnW

]

Special cases:

V = 0 gives Kapustin-Li disk correlator
W = 0 gives boundary-bulk map βX :

V

Φ

X = str
(
Φ ∂z1dX . . . ∂zmdX

)
=: βX(Φ)

ch(X) := βX(1) = str
(
∂z1dX . . . ∂zmdX

)
is the Chern character
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(3) Cardy condition

W

evY

c̃oevY

ψẽvX

coevX

ϕ
= W

evY

c̃oevY

ψ

str(ϕΛX)

= Res

[
βX(φ)βY (ψ) dx

∂x1W . . . ∂xnW

]

=

evX†⊗Y

c̃oevX†⊗Y

1⊗ ψ1⊗ ϕ

= str(ψ ◦ (−) ◦ ϕ)
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Applications

Theorem. The Cardy condition holds in LG

: for matrix factorisations
X,Y of W and maps ϕ : X −→ X, ψ : Y −→ Y we have

str
(
ψ ◦ (−) ◦ ϕ

)
= Res

[
βX(ϕ)βY (ψ) dx

∂1W . . . ∂nW

]

Special case ϕ = 1X , ψ = 1Y gives the Landau-Ginzburg version of the
Hirzebruch-Riemann-Roch theorem:

χ(Hom(E ,F)) =

∫
ch(E∗) ch(F) Td(X)

Polishchuck/Vaintrob 2010, Carqueville/Murfet 2012
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Applications

(4) Generalised orbifolds (work with Ingo Runkel)

Theorem. Let X ∈ LG(W,V ) have invertible quantum dimensions.

A = X† ⊗X is a special symmetric Frobenius algebra.

Everything about theory V can be recovered from A:
I LG(0, V ) ∼= mod(A) (boundary sector)
I LG(V, V ) ∼= bimod(A) (defect sector)

Idea. Introducing X-bubbles in W -correlator is scaling by qdim(X).
Blowing up all X-bubbles produces V -correlator with defect network.

〈 W

φ1

φ2

φ3
〉
∼
〈 W

V X
φ1

φ2

φ3

V

〉
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Applications

Examples for generalised orbifolds:

“ordinary” orbifolds: for discrete symmetry group G of W we have
LG(0,W )G ∼= mod(

⊕
g∈G Ig)

Z2-orbifold between A- and D-type minimal models:

X =

(
0 xd−u2d

x−u2 − y2
x− u2 0

)
⊗
(

0 z + uy

z − uy 0

)

is defect between W = u2d and V = xd − xy2 + z2, has invertible
quantum dimensions

similar equivalences expected e. g. between A- and E-type

Task. Classify all defects with invertible quantum dimensions (and find
new equivalences this way)!
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Conclusions

“2d TFT with defects = bicategory + x”

: natural, easy, useful

Theorem. The bicategory of Landau-Ginzburg models has adjoints.
(conceptual construction, yet very “computable”)

Description naturally incorporates known structure:

disk correlators

boundary-bulk maps

defect action on bulk fields, quantum dimensions

Cardy condition

. . .

Also allows to find new structure: generalised orbifolds
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