
lecture 3 Ehresmann connections
-
-

hethe previous lecture are introduced principal G-bundles : G → P M is a fibre bundle

whose fibres are G- torsos & whose local tuuialisatious It
- ' U → U x G are G - equivariant .

Let I M be a principal G -bundle .
Then let PEI and consider the derivative @*Sp : TpI →Ttip, M ,

which is a

surjective linear map .
Its kernel Vp : = her@*Sp is called the vertical subspace .

A vector field SEKCE) is

vertical if Ecp) Evp HpeI .

The lie bracket of two vertical vector fields is vertical .

The

vertical subspaces span a G-invariant integrable distribution VCI .
he deed

, since torg it ,
Tito#* = IA and hence Gg)* Vp = Vpg .

I

^

Attention An Ehresman connection onI is a smooth choice of horizontal subspaces Hpc Tp I complementary
to Vp : TpI = Hp⑦Up and such that Eg) * Hp = Hpg . he other words

,
an Ehresmann connection is a

G- invariant distribution HCTP complementary to V .

t2.Exaupe A G-invariant riemannian metric on I defines an Ehresmann connection by Hp = Vpt . This
is a familiar construction in Kaluza- Klein theory .

Let P 't M be a papal G-bundle .

The G action on I defines a smooth map g→ HCI) assigning

to every X Eg
the fundamental vector field Ex C- *CI) whose value at p is given by

↳ Cpl = adz (pet× ) /t=o
13

.
leuuoe Bx is vertical . Proof I* Exf- ddzitlpetx) It⇒

= dat ELP)1*0=0 . Eggs
-

Moreover
, since the G-action is free, the map X t BxCpl is an isomorphism G€ Vp V- PEI .



Making @g)* }× = tadg.,c×, for all g EG, XEG .

Proof Let PEI . Then,

Eg)*B×cp , = da rgfpetxyt.o-ddzlpetxgyf.o-ddtlpgg.ie#g)lt=o--dftCPgetAd8" )/t=o = Eady,×(Pgl. Eggs

15.Defenit.com The connection one- form of a connection HCTP is the g
-valued one - form WED

' CI; g)

defined by
w (g) = {X if 5=5X NII : this dogdefine w by CI s - linearity .

0 if 5 is horizontal

16.1300097in The connection one -form obeys rgtw = Adg-low .

Proof Let § be horizontal . Then (rg*w) (b) = warg)*E) but His G-invariant & hence *E is also horizontal
so that @g*w) (53=0 .

But then Adg,owes) - o as well . Now let B --Ex FXEG . Adg, owlEx) = Adg-RX)
but by leuuea19@gtwJCEx3-wKrgSx5xJ-wlEadg.x) = Adg-i LX) .

. Eggs

conversely , if WE RACE ; g) obeys rg*w= Adg-low and w(Ex) = X , then H := her w is a connection on I
.

he Physics we are used to gauge fields defining connections on gauge bundles . Gauge fields are local descriptions
of connection one -forms , but they live on M .

Recall that we have local sections sa : Ua→ t
- ' (Ua)

associated canonically to the tuuialisateon : Cla o sa) Ca) = la , e) . we may then pull back w via sa :

Aa := SEW ERKUa ; 9) .

ttrproposition Let wa : = Adq, o #Aa t ga't ⑦ where Q is the left-invariant Maurer - Cartan form on G .

Then wa = WH-ius
'

Proof we prove this in two steps :



① w and we agree on the image of sa .
Since Tosa = idly , Tp I = Im ( Sao *

⑦ Up for p
-
- Saca) .

.

'

.

every
B ETp I can be written as & = &D*t* 'S + 5 7 ! EEVp .

Let 's apply wa on § using that ga Cps -- e ,

wa (5) = ⇐* SEW) (E) t @Eoe)(5)
= w ( Ea)#ta 's ) t Oe a)* 5)
= w ( Csa)*t* 's) t fell94*5) since @a)* *

= (gao Sa)* = O

= w ( (Sa)* teds) t w (SV )
= w ( B)

② w and we transform in the same way under the right G- action i

ng
't
@a)pg

= Adgacpg,- i org't #* SE w t rg't gatto

= A deg, g)- I org't #sit w e GE Rg
't O (by G-equivariance of ga )

= Adg-Iga to #*SE w t GE (Adagio O) (since Torg --T & transf' properties of Q)

= Adg-i ° (Adgacp,-lot's#wt ga't f )
= Adg-i o @a)p i . W & Wa agree everywhere on it

-Hla) EBD

But w is a global one - form on I
,
hence wa = Wp on IT

- ' (Uap) .

This allows us to relate Aa e Ap . hedeed
,

on UN '
Aa = SEW, = SEWp = SF (Adgpcsa,-to#Ap + GEO)

= Adgapo Ap t gpEQ (using that gpos, = gpogjtogaosa = gpa )

he the language of matrix lie groups, Gpa
't O = gpjdgpa = gap dgjp

'
= - dgqsgjp

'
so that

A- a = gap Ap graft - dggsgaf
' ( gauge transformation ? )



Similarly , one can ask how { An} depends on the choice of local section . If SL '

- Ua → IT
- ' (Ua) is another local

section
, Sca) = Saca) hala) F smooth ha : Ua→ G and then A'a = Adhi, o Aa tha O which is again

of the form of a gauge transformation ( by HI
' ) .

Upshot There are three waysto understand connections on a principal G-bundle I M :

① a G- invariant horizontal distribution HCTP

② a one-form WERKE, G) satisfying w (Ex) -- X and rg*w = Adg-low

③ a family of one-furs { A- a ERKUa's 8) } satisfying Aa -- Adgapo Ap + gpjo on Uap -1-0 .

If I -9M is a ppal G- bundle , G -equivariant bundle differs I are called gauge transformations ,
and one can ask how an Ehresman connection transforms .

Let Hc TP be a G- invariant horizontal distribution. then let Ht :=F*H be the gauge-transformed distro .

18.6mi It
#
a TP is an Ehresman connection

.

= HE = HE and HE is complementary to V because E* '- Tpp Tap, I
Proof @g) * HEAP, = @g)*⑤* Hp ; ** Kg)#Hp I #Hpg in ⑤ Cpg) T *CHG and ④* presences V her ct* because to Io -it . DEB

OI equiv . H in . def'd ofHE Io equiv .

Exercise let Io be a gauge transformation in a pal G-bundle pts M
.

Let E.
× devote a fundamental

vector field for the G- action on I .
Show that Bx is gauge invariant ( ie : ⑦* Ex = Ex) and show that

if w is the connection one- form for an Ehresmana connection H
,
then "Hw is the connection one -form for Ht .

Let {Aa} and { AF } be the gauge fields corresponding to the Ehnesnuaun connections H and Ht
.

How are they related ?
First we need to study the local description of E .

Since I preserves fibres, it makes sense to restrict to t
-' Ua .

Applyingthe tuivialisation Ya (* Lps) = (Tcp) , ga (EG))) which defines GI : t
- ' Ua→ G by Iacp) = ga (ECR) g.Cps

- I



r

The first observation is that Ota is constant on the fibres :

oj (pg) = ga (Iocpg)) ga (pg)
- t

f ga(Ecp) g) gacpg)
- I

= ga (Ecp)) g (ga g)
"
= ga CECH) ga Cp) = Iacp)

T

Io equiv . ga equiv .

and hence it defines a smooth map of
,

: Ua → G
.
Oh overlaps Uap't 0, we have for all at Uap and pet- 'La) ,

4g (as = ga (* Cps) ga Cp)
- I

= ga CECps) x gp(Ecp))
- '

Gpc#Cp)) x gplp)
- '

gplp) x Gdp)
- I

e-I

= gap (a) Gp (a) gap (a)
-'

since it =tCIocpD= a .

We will see Later that { ok} defines a section of a fibre bundle ADI on M anointed to the papal bundle I .

matrix gps

Exercise show that on Ua
,
AF = Adq o ( Aa - ¥0) ± & Aadi

'
- dolatoj '

,

which is indeed a gauge transformation .

These gauge
transformations are conceptually different than the ones relating Aa and Ap on Ugs .

These ones

are
"global

"

objects (sections of Ad I) whereas the ones in overlaps are locally defined {Gop} on non - empty overlaps.


