
Lecture VI (EKC) Curvature
- -

hethe previous lectures we have studied Ehresman connections on

principal fibre bundles and Kosal connections on associated vector

bundles
. Before going onto the third kind of connection in these

lectures ( Cartan connections) we will discuss two further topics :

curvature of Ehresmann and Kosal connections , and a small

digression on homogeneous spaces and their invariant connections .

Let PE> M be a papal G- bundle and g
: G → GLCV) a

liegroup homomorphism .

Let E : = IXGV -9M be the

associated vector bundle . we saw in the last lecture

that we have a CM) -module isomorphism

TCE) E Gg CP, V)
A

{ s : M →E loos --idm}
"

LS :P→ VI rg
't} -- gag's . } FGEG}

where if f- C- GCM) & JE CE,CP, V) , f - f '
-
=#f f .

We wish to general'vethis from functions to forms . we

define 52k (I, V) to be the K- forms on B with values in V .

If peI , we RKCRV ) then Wp : AkTp I → V is linear
.

Let ska (P, V ) C Rh CR ,V ) devote those V- valued k-forms
w which are both

lil horizontal : tf vertical }
,
Eg w = o

and

Ciii invariant : rg*w = gcg
-' low FgE G .

Forms WE 52kg (P, V ) are said to be basic ,
since they come

from bundle valued farms on the base. hedeed , we have



23.pro/xsTtion- There is an isomorphism of GCM) -modules

ska ( P, V) E SKM; PXGV)
where if ft CM ) and we DYP,VI , we define f - w = #f w .

Proof Very similar to the k-- O case ( CE, LDN) E TCPXGV )) which
are proved last time. We describe JERK CM, PXGV ) locally
by {rat 524Ua 's V)} obeying of Cas -- Scgggcas)qca) Fa c- Ugs .

Then Sacp) = 519am)-to t*R is cleanly horizontal . It can be
shownto be in variant and that Sacp) = }p Cps tf pet

- ' Ugs .

Conversely , if I ERKGCBV ) , we define to = SE } and one

can show that was = fcgggcas) op Las for all a E Ugs .
⑥

If o E T ( PXGV )
,

d'T
.
= fcggs) d"op and hence dtr E D

' (M's PXGV)
.

24.6mi Let a enka (P, V ) . Then hid a C- RHI ' V) .

Proof h'tda is horizontal by construction, so we check invariance :

His invariant rgH⇒ yw
is invariant

rglthdx I h*rg*dx=h*drg*a=h*d( gigs-tox) = gcgjlohda ⑥

25.Defimt.io Let WE RACE; 9) be the connection one- form of an
Ehresman connection 2bCTI

.
Its curvature A-= h*dw

.

26.temnua.BE 522g ( P, 9) .

Proof r is horizontal by definition and by the same calculation

as iutue proof of teenier 24 , D is invariant because w is
.
⑥



27.proposit.gr = O iff 2b CTI is (Frobenius) integrable .
Proof o
-

r CE
,n) = duo (h 's , hy) = h } cow ?hy w - w ( [hi,hip)

= - w ( [h 's , h 'll)
.

.

. D= O E FE
, y [HE

, by] is horizontal
⇐> Gf

,
263 - 2b

⇐ 26 CTP is integrable . ⑥

28.Pneposi7o (the structure equation)
r = dw t '

z Ew, w]

Proof
we need to show that DIE,7)

= dw ( 5,7) + Twos), why)] .

(a) let 5,7 be horizontal . Then h 5=3 and hy=y and WCS) -Wh)- O
,

so 5263,7) = duo m) holds .
(2) Let y be horizontal and let 5=4 is vertical

.

Then h 's -- o ,

hy -- y and Wcm) =D .
So we need to show that

O = - n w(5×7 - w ( [ Ex ,n ) ) = -Fi? wccbx.nl )
so that [Ex

, horizontal] a horizontal . But this is the case because

He is invariant .

(3) & = Ex ,
M = By vertical FX, YES

.

Then hE×= hey = o and

w ( Ex) -- X ,
w (Ey)=Y .

So we must show that

O -

- doo ( Ex, Ey ) t TWCEX) , Wky))
= Ex - Y - By . X - wctsx.by) + Ex , -0

but [Ex, Ey]=E[×, y ] and Wl 'S no)= Ex> Y] I

29.com/lary- (Bianchi identity)
h
't
d r = O

.

Proof
-

h*dR = h*d( dust 's Ew , w]) = h
't [duo, co] = [ h*dw, h*w]

-

- O
,

since h*w=0
.
⑥



Let's define d
"

: 2kg CP, W) → 52kg" CP, V) by DR :=h*d
.

Then unlike d
,
d" need not be a differential . The obstruction

is the curvature .

30.propostt.io For all a E ska (P, V) , d"(dik) = gonna .

Proof
did = da t glw>xd

i . died"a= d (da tgcwsxa) + few)x (dats Cwm )
= gcdw)x x - few>add + gCasada tgcwxgcw>xx
= gcdw)xx + I [goes, Jax
=

g (dust Ifugao] )xx
= gCr) xx .

One

Exercise white Fa = SER
. Express Fa in terms of Aa = SEW ,

and relate Fa andFps on Ups -40 .

⑧

We now changetopics temporarily to discuss homogeneous spaces . Let G

be a lie group acting transitively on a manifold M .
Dick at M &

let HTG devote the stabilizer subgroup H=LgEG I g - a-a}
.

It is

a closed solsgroup of G .
there M E GIH , where the diffeomorphism

is G-equivariant and G AGIN is induced by left-multiplication
in G . If gEG ,

we will let log : M→M devote the corresponding
diffeomorphism. If XE 9 , we define a vector field EX E ALM)

by Bxf) Cm) = adz f- ( 4expftxjl.my/t=oV-mEM .
Then [Ex

, By ] = Bex, yo .

Since H stabilisers aEM , don)* '

- Tam→TAM and we get a lie

group homomorphism X : H → GLEAM)
,
called the linear isotopy

representation .
we will use the same notation for the induced

lie algebra representation 7 : y→ of CtaM) .



X i→3xla
Evaluating at AEM , we get a surjective linear map g→ Tam

whose hemel is b .
We say that GIH is reductive if the short

exact sequence
O → 4 → g → Tam→ o

splits as H-modules .
he other words

, if Fmcg suchthat g=h⑦m
and th EH

,
Adlh) : the → tho

.

he that case TAM E th as

Ht -modules
.

If ge G and log EDIFSCM) , we define log . f = fo log , Ff E CM)

and log . } = g) * } , where #g)* b)a = g)A) of-ya, Sofia, , FEEKCM).
It follows that Fg c- G

, ft (Ml
,
XE ACMI

,

& &

log . (Xf) = @g.X)C4g- f) and dog- ( FX) - g. f)Clog . X ) .

Now let 17 be a an affine connection : VXIYEKCM)
, 17×4EACH ) .

let to c-DiffCM) .

Let us define 174 by
17¥ Y '= 4 - Thot.×T

'
-Y

31.6mi 17$ is an affine connection .

Proof ① 171×4 = 4 - Tf.yf×,
'

Y ) by definition of TH

= lo . Thy:#copy,#
"

Y) by to -

CfXk@lfXlonXj-o.fq-t.fRefix (0541) since Kisan affine connection

= 4. (off ) & - (Rfi#Y)) by to - Hx) -- COX)

= f 17,9 Y loot
'
-

- id & definition of 174

②

Tff (f.y) = do . ( Dq,
F' tf -Y)) by definition ofRdX

= of ' ( The:X f)Cot!Y)) by to - Cfx) -- f)COX)

= ol ' (got. X)(off) of!Y + of! f) They
' Y)) since D is a coan .

= of . 4-
'

XH) 4. G-
'

ny t 4. of
'
-f lo -Rq,#

'

Y) by to - Cfx) -- f)COX)

= XCFIY t f Pdx Y by loot
'
-

- id & def" of 17$
86



22.1K¥ An affine connection Tl on a reductive homogeneous
M= GIH is said to be G - invariant if 17% =D for all gEG.
The invariance condition can also be written as

log . 17×4 = 54.× log.Y tf XiYE ACM) and FgEG .

g

suppose for a moment that H -- he3 and that M-- G
.
Then an affine

connection Tl on G is left -invariant if FgE G , V- XIYEJECG) ,
Lg - 17×4 = Thg.× Chg - Y )

suppose that X
,Y are left- invariant , so that Lg. X--X and Lg-Y --Y .

he thatcase , the left- invariance of D implies that 17×4 is also
left- invariant. Now

, or a lie group we may tuutalise the

tangent bundle via left translations .

That means that we

have a global frame (Xi, . . . . Xn) consisting of left invariant
vector fields .

The connection is therefore uniquely determined

by us numbers Tijk defined by ThiXj =E Tijk Xn .

These are the components relative to the basis {Xi } of a
linear map A

: g→ of (9) .
The torsion and curvature

tensors are also left -invariant and are given in terms of A by
TCX,y ) = Xx Y - ay X- ex,-0

& R (KY)2- = lax , Ay] Z - demoZ for LI X ,Y, Z C- HCG)
.

we see that the curvature measures the failure of A being
a lie algebra homomorphism .

he particular , taking 11=-0 , we see that there exists a flat
connection with torsion given by TCXIY ) =- Ex,-0 relative to

which the left -invariant vector fields on G are parallel .
( that is , DX - O for X left invariant) of course , there exists
another flat connection with torsion annihilating the night-invariant
vector fields .


