
Lecture I (EKC) Invariant connections
- -

be the previous lecture we started to discuss homogeneous spaces

GIH where G is a lie group and HCG a closed subgroup .

IT

The projection G→ M: -- GIH defines a principal H-bundle .

We recall the notation log : M→ M
,
E : g → HCM)

at g -a X t Ex
and [Ex , Ey ) = Sexy, .

If OEM has stabilizer H , Ah := b)*
'

- ToM→ To M
, for he H,

defines the linear isotropy representation . There is an isomorphism
To M = Hy which is H-equivariant .

he other words
,
the

following square commutes theH : Tom TOM

An affine connection Tl on TM is ¥1 LE
G-invariant if P&g =D Fg c- G , 91g 91g
which can be written

log . Dy n = Blog} log -n
.

We saw that if H --Let and hence M = G
,
with G acting

aka left transformations, then D is left- invariant if and only
if f LIVF Ex , by the VF Rg Ey is also LI

. Therefore
D is determined by a bilinear map x : gxg → 9 where

x (XN ) : = Dq Ey le .
This can be "curried" into a linear

map A : g → gecg ) , where 7×4
= xcx

,Y )
.

The torsion and curvature of a left - invariant connection are
themselves left- invariant and determined by T

: 159→ G and

Re : 1kg → glean ) = THY5- XxY - Ay X - EX, -0

RCXIYIZ = fax,AYIZ - Amy,Z
so the curvature measures the failure of A being a LA morphism .

he particular , there exists a flat connection , relative to which the
LIVF

are parallel ( 173=0 ) having torsion THY5-
- Exit)

.



Now let Here} , but still GIH reductive . The usual yoga of
homogeneous geometry (a.k.a .

the holonomy principle) suggests
that G -invariant geometric objects on GIH correspond to H-

invariant algebraic objects at the
'

origin
'

carry a EM with
stabilizer H) .

Connections are not an exception to this role .

We will see that G- invariant connections on GIH are

in one-to-one correspondence with H-invariant bilinear

maps 2 : 777×772→ 777 where g= by ④777 is a reductive

split . Equivalently , they are in bijective correspondence with
H- equivariant linear maps A : g→ glam) such that

Aly = X ,
the linear isotropy representation .

this result is

due to Normie and a is brown as the Nomine map .

=: M
we let it : G → GIH

.

Let o e GH correspond to the coset H .

Then ToM I 277 where 9--4⑦M is the reductive split .

it is a differ from U:=expV ( Va n 6hd of OEM) to a nbud of o E M
.

V GE U , Icg> = dog . o with 4g C-DiffCM) induced by left - multiplication on G .

Let T = { log - o l g EU} .

For X Em
,
let Ex ⇐ ICT ) be defined by

(G) ago
= #g)Ho ' ex
= Ll logo 't)*) e X
= (( Io L g)*) e X (since logoit =To Lg )
= #*Ig Xhg where Xl is the LI VF obeying X

-

le = X .

Let h E H .
Since Ion . o = o

, *
: Tom→ ToM making the following

square commute :

Tom ToM

Tiff Ift Clt)
Adar)

on → 777

Let we V be such that hWh
"
E V (which exists by reductivety)

and let in = { log . olgeexpw } .

Then Ion. hi E T .

( tee! )



zz-heuuua.TW all geeypw , Ctn) * Ex - Baden, × at logo .

Pd K&n) * Ex) low log . o
=

h)* ' (4) log - o

= @h) # n g) * . I* 'X

±

ng )*
-TAX

=

right) * ' 14h * X

= @nghi' )* . IT
* (AdCh) X) by CA)

=

Adds) X
)
longer' ' O

=@AdasX ) didg - O ⑥

34.6mi
Let X , Y EM , and Ex, Ey E ACT) . Then TEX

,5-13/0 = TE* Exit]m .

Proof we saw above that Ex is it - related to Xl for all Xeg .

Therefore [Ex ,By ] is it- related to [Xl, y'] = Ex , -0
'

.

And hence [Ex ,By ] = Bex, y ] . Evaluating at OEM ,

and using that E.ex,yq 10=0 , [Ex ,Kyllo = Sexism!
-

- *
*Gion

Recall that an affine connection Don M-- GIH is G- invariant if
p&g =p Fg EG .

35-theo-euehet.MG/H be a reductive homogeneous space with a fixed

decomposition of = Y ④ tr with Ad (h) M 6777
.

There is a bijective
correspondence between the set of G-invariant affine connections on
M and H -equivariant bilinear maps x : M xm→m

,
where

the correspondence is given by a CX, y) = Dog
,
Sy fo f HYE Mo .



Prod let D be an invariant connection and define a :mxm→m via
x CX,45-175×5-11

.

for all X.YEme .
We need to check that a is Adlh) -invariant

tf HEH .
Since D is G- invariant , it is in particular H-invariant :

4h . Digby = Thon.iq#5y)
Evaluate at o :

LHS = 4h . ACHY) = 4h . {ex,y) = &
Ada, .×c× , y , (by lemma 33 )

and

RHS = Thqtdcn, .×Brainy
= a ( Adlh) X , Ada) Y )

⇒ x is Adch) -invariant .

Conversely, let x : next→ or be ADCH) - invariant . We define

a connection on T as follows
.
Let (Xi, . . . . Xm) be a basis for in .

Then (B
,
i -- Bx

, ,
. . -

,
}m) is a local frame on T and we define D- on T

by TTS
, Bj

= taxi ,Xj ) .

Item TTqEj/
.

is H - invariant
.

P-Funk since a is AdCH)- invariant :

4h . Is
; Ej f- 01h ' taxi ,xj, to = &

Adam acxisxj) to
= b

x (AdCh) Xi , Adlh)Xj) to
= Yada,.×, E. adcutxj to
= Iq . } ;

4h ' Bj lo
.
⑥

More generally ,

A-team If by C- HLF ) then Ign )
.

is AdCH)- invariant
.

③ Assume w LOG that Sf: Ext
.

3- KEM
, and n

-

- 2-tibi FfiEGCTI .

5321
.

= DI×(Ffi 's ill
.

= ? IqHifi)! = ? }×Hi) & it . t.fi 553.4 .
i
. 4h . Isn to = I n' b)Chi fi) chibi ! + I find 19.175×5 it

.

= ? Sadeh)x ( Gh' fi ) Baden, × , to + ? fit" Flon. }× Chibi lo



Mon- Shin lo = Ibadan,× ? n'fi )Chibi)/
.

= ? Sada,× n' fi) (chili) to + Hifi) Sada,.×$h' Ei lo
= ? Baden>x Hifi) &

AdamXi lo t TT filo) Iq. }
×
4h}i/

.↳
since 10h. 0=0

Both expressions agree , proving the claim .

Now we let 5,7 E ACM) and a E M
.
Let ge G be suchthat log .o=a .

we define Ign 1a -

- = log .

logics log-in lo)

The AdCH)- invariance of Ig 71
.

tf SMEHCM) shows that this

definition is well - defined ; e : independent of which ge G we choose :

if log, . o = a then g
'
= gh The H

,
and 4h . Feiglin f- Fgm / .

shows that

dog - TTqiigolgi.nl ; 4g . ok . Fantasy ti
'
- 4871

.

= olgthogtgog' -Ho .

It newaims to show that

cis Dsn so defined E *(M) }
t×¥: routine checks

.

Cii ) 7 '→ 177 defines a connection

Ciii ) Tl is G- invariant ⇐ by construction

Civ ) Digby )
.

= Bax
,y> / . ⇐ since Disney to = D-qty to = Baux> lo . D8

The set of Nomizo maps is a vector space .
The invariant affine

connection corresponding to a -- o is called the canonical

invariant connectionofthe reductive homogeneous space GIH .

The torsion and curvature tensors of an invariant connection
are themselves invariant tensors and define tensors T: Ahn -7M

and Rr : Ahn → he glean) by
TCX,y ) = x (XN) -LCY,x) - Exiton
RCX, -137--2 (X , NY,z)) - act , xcxcz)) - a ( Exit in , Z) - UX,yq , Z]



he particular , for the canonical invariant connection ,
TCX,Y) = - Exit and RCX,Y) = - EX,Y3y

If (and only if ) the canonical connection is torsion-free , the
homogeneous space is symmetric .

The lie algebra g admits an
involution e : g→9 ,

e2= idg , with zCx) = {X if ×Eh

which presences flee lie bracket : e y)) =Fax),2ND .

- X if XETM-

we now set thestage forthe discussion of Cartan connections .
Let G Ght = : M be a reductive homogeneous space, and
let DG denote the LI MC one-form on G

. If on : U→ G is

a local section
, we may pull back of Iq Est ( U; 9) .

If oz : U→ G is another local section , then 7 h : U→ It

suchthat tf a EU , izca) = goes heal .

38 . lemma of Dc
,

= Ad(ht-' o r'tda t htt DH
-

t

Prod It is easiest to prove this in the language of matrix
groups , so let's do that . 0*04 = o

- ' do in this case .

Then
,

of DG = ridof = (on h)
-' d brah)

= ht of
" (do. ht of dh )

= hi' rft do, h t ti'dhe
= AdChi ' ) o og'tDq t h*OH .

ooo

we unite ItIg = O
,
too
, where 0

,
E R

"

CU; m) and

W
,
C- R'(U's b ) , and similarly for 0¥09 .

Then from the

tenure
,

Oz t wz = Addi' ) o ( O, tug) + HASH
and hence comparing 777 and h components :



-02 = Ad (ti' ) o Og and coz = Ad(ti' ) ow, t httDH
so that the m -component transforms teusouaky , but the h-rowparent
transforms like a gauge field .

The MC structure equation says that Iq is flat :

ddg t I [Og ,dad = 0 .

we can pull this 2- form back via a local section r : U→ G ,

and decomposing into me and by components :

d ( O too ) + I [Otw, Otw] = O

-

'

- d O + [w, O] + I to, Edm
= o ⇒ ④ = -I fo, m

d w + EEw,w] + LEO,
O] y

= o ⇒ D= -I fo, g

or equivalently
TCX.Y) = ① (Ex

, by) = - Ixion
Rex,y ) = r Bx

, Ey) = - [Xi 'll y e Endon) .

So w is the canonical invariant convection on GIH .

Cartan geometries are modelled on G→ GIH and Cartan connections

will generalize Dq E R" CG ; 9) . The curvature of a Cartan connection

measures how far the Cartan geometry is to GIH .

The tangent space is the best
" linear approximation

" to a manifold .

The Cartan viewpoint is to view the tangent space not as a linear

representation of GLCn, R) but as a Cneducfiue) homogeneous space

of the affine group Affair) E Gun,R) x Rn , so that
TaM E Aff Cn ,RYGLcu.IR) . This motivates whey we may wish to
approximate a manifold by a homogeneous space .



Cartan connections
-

We saw three descriptions of an Ehresmana connection on a papal H -bundle
PEs M i ① 2b CTP ② WE ACE ; y ) and ③ {Aat Uai b ) }
Descriptions ① a ① pertain to I , whereas ③ pertains to M . Similarly ,
we will consider too descriptions of Cartan connections : a bundle

description and a ' basic' description .

We start with the latter
.

or the nomenclature is due
to Sharpe .

39.Defim7ion A Cartan gauge with model GIH on a manifold M is

a pair ( U , O ) where UCM is open and OE R'(U ; 9) satisfying
the regularity condition : Tau→ 9→ 9/4 is a vector space isomorphism
for every at U .

A Cartan atlas with model GIH on M is a

collection { (Ux , -0a)Iaea of Cartan gauges (with model GIH on M ) such

that ① Lfa Ua = M
and ③ On Ups , Op = AdChip

' ) o OathqjOH 7 hp : Uop→ H
.

( cf . with gauge fields for canonical invariant connection on GIH . )

As for manifold atlases , we say that two Cartan atlases are equivalent if
their union is also a Carton atlas and there is a unique maximal

atlas equivalent to agiven one .

40.Definit.ec A Cartan structure on M is an equivalence class of Cartan
atlases on M . A Cartan geometry is a manifold M together with a
Cartan structure.

Given a Cartan gauge (U, O) , we define the curvature
D C- DTU;g) by A = do t '

z Eo, O] .



4l.leuuia_hetE@aOaHaeAbe.a Carton atlas and { Ra C- 527459)} the

curvatures . Then on Ups , 52ps = Ad(hjy) - Da .

Proof Differentiate Op = AdChip) o Oa t hgEDH .

d Op = d ( Ad (hip) o Oa) t d hp*DH ←
dhgts -- hp*d & MC structureegn .

= AdChip)odOa - [AdChip's) ooo, hp*IH] - {trap [OH ,
OH]

.

'

. Bp = d Op t I [Op,Op]
= AdChip)odOa - [Adlhjidooa , http OH] - IhgE Edition

+ I [Adlhiipdooathgsdti , AdChIp' ) o Oa + hipIHI
= AdChip) odQa + I [Adchjidooa , AdlhjidoOf
= AdChip's) o dont I AdChip's) o Foa , fat

"

= Ad(hip's)o Ra . Doo

we see that Da = O is an intrinsic condition
, independent ofthe atlas.

42.Defim7ion A Carton geometry whose curvature vanishes everywhere
is said to be flat .

Example
① GIH with Oa-- ride

② open subsets of GIH
③ TIG1H (locally GIH ) ,

TCG acts on GIH nice deck transformations
.

Of course not all Cartan geometries are flat .

Next time : the bundle description and comparison with Ehresman
connections

.


