
Cliffordalgebrasoecourautalgebroidslu
Carlos 's previous lecture Is) he introduced Courant algebraic

as the intersection of
" Courant spaces

"

,

"

Dorfman algebras
"

and

" vector bundles
"

.

he particular , he defined the Courant bracket
on sections of the double tangent bundle ITM TM①T*M via

[Xta , Ytpf, = [X, Y3 + L×p - Ly a + I DG41 -pas) + ey ex H

where HE CM) is closed and LH3EHIM) is the Severe class

of the exact Courant algebroid E :

0 → T*M is E↳TM→ 0

When I first met the Courant bracket
,
I found it very mysterious

and it was only after I understood (via Hitchin) its relationship to
Clifford algebras , that it was demystified for me .

I hope
to show you that the aboue

Courant bracket is in a certain sense
( natural'

.

①

clffordalgebrasaeedlleffordmodfhet.tl
be a finite-dimensional IR vector space and B : Vxv→ IR

a symmetric bilinear form and let Q : V→ IR
, defined by QtukBtw)

be the corresponding
'
norm

'
.
The pair LV ,

Q ) is called a quadratic
vector space and they are objects of a category Qvec whose

morphisms (V,Qv) to CW
,Qw) are linear maps of : V→ W

such that 0*Qw = Qv
.

Thatis
,
Qw 10h11 = Qvto) true V .



let A be a real associative algebra with unit 1A .
A hiiear map

of : V→ A
,
where CV,Q ) is a quadratic vector space , is said to

be Clifford if locus
'
= - Qto) ta fueV

. Clifford maps
from a fixed quadratic vector space (V, Q ) are the objects of
a category Cliff IYQ) whose morphisms are commutative
triangles ✓

% hit
'

where f. A→A
'
is an algebra

A ↳ A
' homomorphism .

A clifford algebra for LKQ) is an initial object in Cliff IYQ) .

the other words
,
it is an associative algebra UCV

, Q ) and a

Clifford map ii. V→ QCYQI such that given any Clifford map
of : V→ A there exists a unique algebra homonphism.IE : QIYQ)→ A

such that the following triangle commutes µVµ
As usual for initial objects , if a Clifford

QCKQ) A
-

algebra exists for Q) it is unique upto a unique isomorphism.

If you have not seen this before , suppose
i : V→C and i

' :V→ C
'

be Clifford algebras for Cv , Q) .
Then we get commuting triangles

V V V

union coupon to ti
'

C'→ c'

z :
t ! too ¢ loool

'

but by uniqueness , lot of = idc and do0
' tidy

.

Existence follows by construction .
let LYQ) be a quadratic vector

space and let T.tl = V④P
, where V④0=IR

,
V④'=V

,
V④P=V⑦V④P"

,
. . .

be the tensor algebra with product V④P × V④f V⑦""t' and I EV④°

as the unit
.

Then j : V=V④t→ TV is an initial object in the

category whose objects are linear maps VIA to associative



algebras ( and morphismsare commuting triangles as in Cliff CYQ) ) .
he other words

, given a linear map of : V→A ,
there exists a unique

~ ~

algebra morphism E : TV → A extending of : OILN = Aa and
~

⑤ ( u ) = 010 ) ttuev
.
It follows that

"

jlv)
"

~

IT ( I vi.④ . -④Vip ) = 2- 4th;) . - - ofluipl

Now suppose that of : V→ A is Clifford , then the extension

¥ : TV→ A annihilates the 2 -sided ideal IQ generated by
UX0V 1- ① to) E ✓⑦2 ⑦ V④° V- well ,

~ ~ ~

Ect . ⑦ (uxov + Qu)④ tz)
= Etta) oIlv④UtQth) Etta)
-

-

= OILED ( loool
'

-1011011A) Itt)
-

0 since 0 is Clifford

and hence it induces a unique algebra morphism E " TYI → A

making the following diagram commute :

y

j f ↳
By universality ,

UH,Q) I T.tl/Iq . [ T.ir ¥→ A- I 1
i.y
IQ

Remarks

① TV is a 2-graded algebra , but IQ is not homogeneous ( if Q to )

⇒ ULYQ) is not 2-graded (unless Q=o , in which case UC40)
IIIV)

⇒ UH, Q) is a filtered 22-graded algebra and its associated

graded algebra is NV .

② Iq has even parity , so that ULYQ ) is % - graded

③ i = ii. j : V→ TYIO
,

is injective
,

since j is injective and if i wi =o , then jus e IQ ,
but parity forbids it

unless u - o
.

We will give a proof of infectivity below .



U

④ The Clifford algebra defines a functor Qvec → Assoc
.

If LV, Qv ) ,
CW, Qw ) are quadratic vector spaces and

f- : V→W is linear with f*Qw=Qv
.

let ii. V→ UCV,QI
,

in : W→ WCW,Q) be the corresponding Clifford algebras .

Then iwof : V → UCW
, Qw ) is a Clifford map :

two f)Cut = - Qwffioi) 11 = - Qv 1

and hence there is a unique U(ft : UH,Qu)→ QLW, Qw)
.

Existence then implies lllidv I
= idea

, @ , and U(gof) = Cg) . f)
.

showing that U is a functor .

Now consider the orthogonal group of CYQ)

OCYQ ) = { GEGLCV) I g*Q=Q }

Then forge OCV, Q ) , Cllg) e Aut CLCYQ) .

In particular , if g =
- idv ,

then 2 := C- idv) is an

involution automorphism which is the parity automorphism :

a E UCYQ) , t→ 2 (a) = a

a E CLCV,Q)t E7 2cal = - a
.

This gives another explanation why UCYQ) is a %- graded
algebra .

A representation of ULYQ) is an algebra homomorphism
1- : CLCYQ) → End Is)

where the vector space S is a Clifford module . By definition ,
it is equivalent to exhibit a Clifford map V-4 End Is)

.
(The

notation stems from the fact that the image Ya:=Heµ) of a basis for V

are the so-called Dirac F-matrices
,

NI ! Save Dirac , different reason . Dirac did many things : Dirac structures

come from his theory of constraints ; whereas Dirac T- matrices comes from

the telatiuistic Dirac equation .



Define of : V→ End (AV) by
ofcu ) • a = u n a - 2µA

where ubcw) = BC4W) = I lutw)- Qtot - Qlw) )
,
and

iv. (1) =D , t.ua/w)--BC4w) , . . . Then 4 is Clifford :

ofcuf.sn = after) ( una - tuba )
= uh (und - 2µA) - tub ( UX a - food )
= - un zu, d - Blu,u ) d + valued
= - Q told

let Io : UN, Q) → End (AV) and let It : LLCYQ) → AV

be evaluation at 1
.

Then for all well , a→ Iota) -1

Edition = v , so
in particular Io

,
oi is injective and this shows

that i : V → UCYQ) is injective .
he fact, one can show that

I
,
'
. UH,Q)→ NV is a vector space isomorphism whose inverse

*j
'
: AV→ UW

,
Q) is the skew-symmetricalon map ,

Ioj
'

luaus ) = I Live ) im - icw) ich ) ,
etc

.

This is an explicit qualification of ITV .

Let µ = V ⑦V*
,

where V
*
= themLK1R)

, and let B :WxW→ IR

devote the dual pairing Bcwitai , with) =
- E (dilwattdacwi) so that

Q (we a) = - acws .
let 5=411

*
and define of :V→ EndCS) by

¢ (area) r = instant

Then locusts)
'
r = * curl on = - Qlwta) 0 ,

so that S is a Clifford
module . Notice that s=AV* = UCYQ)/ceqQ) .✓ and since

LLCYQ) . V is a maximal ideal
,
5 is a simple module .

Notice that V
*
CIV is a lagrangian subspace .

The orthogonal group OC1V,Q)

acts transitively on the grammarian of Lagrangian subspaces and also
acts on U4U,Q) via automorphisms .

so if LC1V is lagrangian,
we get si-UGVYceqy.LI AL* .

All such SL are isomorphic as modules .



②

Exaotcourautalgebroidsuiacliffordalgebraswe
depart from the observation that the Courant bracket on TM extends

the lie bracket of vector fields .

I claim that , properly interpreted ,
this extension is the ' natural' one

.

To see this
,
we use the

Carton calculus to relate the tie bracket of vector fields to the

operations on the dga of differential forms. Recall that if we RKMI

and X.YE *CM )
,
then

DW1X,Y ) = X. was - Y . WCX) - WC5X,Y)

so that WL4H) = X. WCYJ - Y . wcx) - dwcx, Y )

= ex dey w - 2yd 2×w - Zy↳ d w

so if we know d me know F, -3 .

lemme let we SICM) and X.YE ICM) . Then

2 2
[× ,y,

W = 2 ↳deyW - 22yd↳w + (2×4-2×4) dw → d (4×4-44)w)

Proof Follows from Cartan formula :

2 2 [×, yo
= fL× , 2yd - [Ly , 1×3
= [ [ d ,2×9,4] - ffd , 41,1×5
= Ld ext2yd) ey - ly (d4 c-↳d) - 6d2yt2y d) ex + ↳ (d2yt2y d)
= d 2×4 t 2×d2y - 2yd2×-2y2×d - dey ly - 1yd4 + 2×d2y -142yd
= d (2×4-2×4) + (2×4-44) d t 2 2x dey - 22yd4 ⑧

The next observation is that on ITM we have a split signature ivver product
C- , -7 , given in terms of the dual pairing between TM and#M :

( Xxx , Ttp) : = IK4H PCX))
.

This allows us to define a Clifford bundle UL5M)
.

Its fibre at

pe M is Q(TpM⑦T*pM) of which TIM is a simple Clifford module .



We have a Clifford map TCTM) → End SICM) given by
f. this is more

conventional
, so + in 4 !

(Xtd) . w = 2×w + daw

Notice in particular that X. w = 4W and the Clifford action extends

to TLITM) the contraction ↳ on KLM)
.

The idea is then to extend the tie bracket from *CM) to HIM) by

recognising the instances of
"

ex
"

as Clifford action .

so we have

2 [ x.YI . w = 2 X. DL4 . w ) - 2 Y.dCX.co) + (X.Y -YX). dw + d ( (X.y-yxj.io)
and now we replace X↳ Xtd , Yi→ Yep

2 [Xxx ,Ytp3 . w = 2 (Xxx) . d f) ' w) - 2 ftp.dfx-ixj.w)
-

(courant bracket ) + ¢ Xxx) - (yep) -ftp.CXtdD.dw-dqcxtdnlytp) - (Yep) - IX.a)) . w)

we know ( by setting a =p - o ) that [Xta ,Yt = [×,yI + . . .

The reasonable thing is that the RHS is of the form 2 yew + Jaw)
77 ER4M) and

, after a calculation ✓ =Lxp- Iya ttldeyd -dixp)

he summary ,

[Xtd, Ytp) = IX.YJ + L×p - Lydt Id (NY) -pH))
which is precisely the Courant bracket .

The twisted Courant bracket [
,
Iµ by H ED4M)a is obtained

in the same way but replacing d by dH , where DHW = dw - Haw
,

which is again a differential if dH= 0 :

dtw = dµ ( doo - Haw) = d (d w-Haw) - Hxldw- Haw) = -dHnw
.

After a bit of calculation this results in an additional term

[Kid,Yep]µ = [Xtd, Ytp] + 44 H



③

Punespinorslet
µ = V ⑦V

't
be a quadratic vector space relative to the

dual pairing and let s be a simple UK) module .

Recall that SEAL
't
where LC1V is a lagrangian subspace ,

nonzero
e- g. L=V .

Given all spinor ses ,
we define Us CIV to

consist of UE1V sit . v. 5=0
.

It is easy to see that

µ CIV is isotropic : if u
, we IVs

,
then

0 = v.w- s t w- v. s = -2136µW) s ⇒ BC4W)=O if Sto .

We say that se S is a pure spinor if Us is maximally
isotropic ( ie: lagrangian) .

Exaiupks

① the NV't

{Htd) EN s -t
. (Xxx) . I = 2×1-1 dat = of = V

② let D- EV't be nonzero .

{ Xtd sit . flta) -0=1×0 tax 0--0 } = here ⑦ IR -0

③ Let BeNV* and let y = eB, I = eB
.

Then

{ Xtd EN sit . (Xta) .eB = 1×13 xeBtaaeB=o }

= { X - 2×13 I XEV } = graph of - Bb

similarly EBA 0 is also a pure spinner .

If s is a pure spinor and 140
,
As is also pure ; indeed , Ws

= Was
.

So we have a map hP(Is) → hag associating with every pure
spinor live , a Lagrangian subspace of W .

This map is eqvwariaut
under SO4V) and is a diffeomorphism.



Lagrangian in W

Let EEV a V be any subspace and E°EV* the annihilator
.

Then E⑦E° c- V⑦V*=W is Lagrangian .

Example EEV
• d

EE NE't ( recall
,
E* I Eo )

let Eb : E → E* be the linear map Xt→1×E for XEE
.

Define
LCE, e) = { ×taeE①V* I 9£48 }

Check : Xtd , Yep E LCE , E)

{Xtd , Ytp7-IfcYI-ipcxb-E@cx.yt + ECY,xD = 0

Proposition Every lagrangian in W is of the form LIE
,
E)

.

Proof LC1V lagrangian and let E = tvL .
Since his lagrangian,

LnV* = to
.
Define Eb : E→ E* by E4XI=tv* I (XML) EV4E.

Then L= LIE , E) . Boi

If BeNV*
,

eB LIE, E) = { X -1×+2×13 / ME =e×E }
"

DIE + 2×13=1×8 -12×13=4 (Et i'B)
= LLE

,
Eti*B) ii. E-V

Every Lagrangian is of the form eB LIE, 0 )=eBfE⑦E°) , 7- ECV
,
BETH

.

he terms of pure spines , the lagrangian LIE, 0 ) is associated to the

pure spinner live det E° .
be deed

, if + a) • detE° = 0
, ex - dltE°+axdetE°=o

have XEE and a EE0
.
Then it follows that the pure spinor live

associated with eB LIE, 0 ) is eBLdetE°)
.

Lagrangian LCN can be pulled back & pushed forward along linear

maps f : v→ W ,

LC1V lag .
⇒ f- * L = { FCXI + a E1W I Xtfta EL } C1W leg .

MC1W lag . ⇒ f*M = { X + f*p EN I f-4) + p EM } CW lag .



④

Diracstuecturesaeedpunespinonhet
ITM= TM ⑦T*M and F- , -3 the Courant bracket on HIM)

corresponding to the standard Courant algebroid:

[ Xtd , Ytp] LX, + L×p - I, a + Idk - pat ) try↳ H
let Bt RIM) and let eB (Xt a) ÷ X + at ↳ B .

Then

[EB1X-1DI
,
EB0H I 5×+9 YT0H-1DB

So it is an automorphism of the Courant bracket iff dB=0 .

Recall that a Dirac structure LCTM is a lagrangian sub-bundle
, whose

sections are in involution under the Courant bracket . The fundamental

example is TMCITM for H =D
.

Then also EWTM for dw=o ( i. e. ,

a presymplectic structure ) or EWTM for H- dw :

[ Xx e×w ,Yt2yw)µ = [ X.Y ) t L× eyw - IY4W + I d ( WC4Y ) - WL4X)) + EY4H
= [ X, Y) T 14,y ] W -1 2yf×W - LY4W + d WC4Y) + ey4H

= YS1-2EX, w) + ↳ ↳ dw +2yd 4W - 2yd 4W
- dey2×W t dey4W + LY4H

=¢X, + 4×
.

w) + eyexldnwtt ) .

0

such a 2- farm is a twisted pre-symplectic structure .

Lagrangian sub - bundles of TM are in one-to-one correspondence with

pure spinor lives V CATHY , nice

L = { X the TCITM) / (Xt d) . = of



The Clifford algebra UL1V ) is filtered :

2mi dimN

IR = U° a Call' c. . - e Im = U+ LN)

µ = ll
'
c U3C U5C -- - a clan

- '
= d- CN )

U2K spanned by an even number (E2K) of elements in N

U
""

spanned by an odd number CE2R- t) of elements in N

everyodd

we Clifford multiply by UC1
. T*M me obtain filtration of A T*M

U = Uo EU2E . . . E Uzn = Ten"ddT*M Um :-. Uk . U

L*. U = U
,
EU, E

- n - E Van- I = NddtT*M U
,
:-. W . U = 1% . U

11

L* ± W% using 47 .

Proposition LCITM lagrangian, is involution (nel . to F ,-1+1 ) iff
DHTC a T1U, )

or if g is a local trivialisation of U ,
then 7 Xxx ETLITM)

such that dip = 45 + a .

This is well-defined because if f = fp 7ft CM) is nowhere vanishing ,
×

then df = dfxg + fdp - Hap f- dfng + fdµg )
H

= dfng t f (1×5+4^5)
= 2×5 + f-

'df + a) ^5
.

Proof let LCITM be a lagrangian sub-bundle and let p be a local trivialisation

for UK ATM .

Then the result follows in two steps :

① for A.BE TLL)
,

[ A , B) - f = A ' B. df , and

② A - B. dp = 0 V-A.BE RL) iff dp C- T1U, )
.

Proofof①_ since L is isotropic , Dorfman & Courant brackets agreeon T14 .

Write A=X+a , B=Ytp . since NL1 . f-0 , exp = - a xp and ey p = - pxg
we calculate



' [x. ye f
= [Lx

,435
= 2×145) - ly (dig -14dg)
= - Lx (Bag) - ey d f- as) -144dg
= - Lxpng - pm (d fans) -14dg ) + ey (day - andg) + excydg
= -Lxpsng + padding - Brandy - pazydg + eydaxgtdaazyg - a dg + any of

+ 44dg
= - Ix ^5 1- padding + xapxdg - pxexdg + eyddag + dating)

- d LY)dgtdneydgtexzydg-t-Ixpngteyddng-fxeytaaey-NYI-pextdxp.in)df
i. Htt,Ytp],

' f =
- fly + pm) (4th) - dg

= - (42×+414) - any + pm 2x tpxan) dp

= - (Yep) - (Xxx) . dp
= t (xxx) . Cytp) . dp since ( Xtd , Yt 7=0 .

Proofof②_ Recall that U
,
= at .

= IV.
.

Then if A. BE L ,
and TEN

,

A. 4. p = (A.4) p
- y.

°

A. B- 4. p = A. 513,4> f
= 43,47 A - f = 0 .

Proofofpnepositioulcoutdj-A.BJ.pro A.B. dp = 0 dp c- NO, )

have 7 Xtdt TCITM) such that dp = #d) if
= 4ftd^f .

08

Reveal Replacing d with dt, we find that similarly to the proof of ① ,

[ Xtd , Yt µ
. p

= (Xta) . cytp) . dµf
and hence LCTM is involution under the twisted Courant bracket

if and only if dµp = 4ft xp 7 Xtd ETCITM)
.

In particular , dp =D or drip = 0 for a pure spinor p implies that

the annihilator of p defines a Dirac structure
.



Exampled

p=eW ,
we ICM) .

+ a) . p = ex ew + anew = f×w + a) new =0 ⇐ x= - 2×w

i. L = graph of - wb : TM→T*M dp = dwxew
× ↳ -4W dµp=¢w-A)new

dp =D t→ dw = 0 pnesyuepkctic

drip -0 ⇐ dw=H twisted pnesynupkct.ec

wE? Let It TCIFTM) bea biuector
.
Then hit :=e"TT*M)= { Latta c- TM}

is Lagrangian . Given t.ge CM1
, define {f ,g}=tldf,dg) . Then hit 's

inventive iff { , } is a Poisson bracket . let µ ER4M )
.

Then

Lµ=T*M CT1M .

Then µ = µ
- ↳ µ + I 2+02+4-1 . . .

Xxx) . e⇒µ = ↳ left) + anette
= 2x ( µ - 2+4+12+2 pet ' ' ' ) + da ( M- ↳Met4Iµt . . - )
= 2×14 - 2×2+4 + I 424T. . . - axe

#µ + tax ⇒At . . .

= (2×4- Xx M) → . - .

= 0 # X = eat

p= e-
"

µ obeys dp = exp IX4M) t→ it is Poisson biuector

dHp= exp IXEXTM) 4-7 it is a twisted Poisson biuector


