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3d gravity

General Relativity in 3 dimensions

2 key observations about 3d GR

1 Geometry: The Weyl tensor is identically zero.
2 Einstein’s equation: The equation Rµν − 1

2gµνR + Λgµν = 0 reduces
to Rµν = 2Λgµν .

Implications for the theory

1 NO dynamical degrees of freedom.
2 (Outside sources) the spacetimes are locally of constant curvature.

Local model spacetimes and isometry groups

Λ Euclidean Lorentzian

0 E3 = ISO(3)/SO(3) M2+1 = ISO(2, 1)/SO(2, 1)

> 0 S3 = SO(4)/SO(3) dS2+1 = SO(3, 1)/SO(2, 1)

< 0 H3 = SO(3, 1)/SO(3) AdS2+1 = SO(2, 2)/SO(2, 1)
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3d gravity

Part I: Integrability of Three
Dimensional Gravity Field

Equations
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Preliminaries about integrability SL(2,R) solitons

I Preliminaries: SL(2,R) solitons and AKNS system

SL(2,R) soliton connection

a = Pdx + Qdt

with (Lax pair)

P =

(
ξ p(t, x)

q(t, x) −ξ

)
, Q =

(
A(p, q, ∂xp, ∂xq) B(p, q, ∂xp, ∂xq)
C (p, q, ∂xp, ∂xq) −A(p, q, ∂xp, ∂xq)

)

With flat condition

0 = F (a) =
∂P

∂t
− ∂Q

∂x
+ [P,Q] = 0 (1)
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Preliminaries about integrability AKNS equations

I Preliminaries: SL(2,R) solitons and AKNS system

The AKNS equation

Explicity
∂P

∂t
− ∂Q

∂x
+ [P,Q] = 0

is equivalent to the following set of PDE’s

∂A

∂x
− pC + qB = 0

∂q

∂t
+
∂C

∂x
+ 2qA− 2ξC = 0

∂p

∂t
− ∂B

∂x
− 2pA + 2ξB = 0

(2)

called the AKNS (Ablowitz, Kaup, Newell, Segur) equations [(1974),
”The inverse scattering transform-Fourier analysis for nonlinear problems”,
Studies in Appl. Math., 53 (4): 249–315].
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Preliminaries about integrability AKNS equations

Relation with integrable systems

Polynomial expansion in terms of the spectral parameter

Assume the functions A,B,C are polynomials of the spectral parameter ξ,
such that deg(A) ≤ 3, deg(B) ≤ 3 and deg(C ) ≤ 3, i.e.
A =

∑3
n=0 aiξ

3−n (same for B,C ).

Equivalent formulation of AKNS system

b0 = 0, c0 = 0

∂ai
∂x
− pci + qbi = 0 i = 0, 1, 2, 3

∂ci
∂x

+ 2qai − 2ci+1 = 0,
∂bi
∂x

+ 2pai − 2bi+1 = 0 i = 0, 1, 2

∂q

∂t
+
∂c3

∂x
+ 2qa3 = 0,

∂p

∂t
− ∂b3

∂x
− 2pa3 = 0
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Preliminaries about integrability AKNS equations

Integrability of AKNS system

Equations for p and q

Seeing the previous as a system for p(t, x) and q(t, x) it reduces to

∂q

∂t
= a2

(
−1

2

∂2q

∂x2
+ q2p

)
+ a3

(
−1

4

∂3q

∂x3
+

3

2
qp
∂q

∂x

)
∂p

∂t
= a2

(
1

2

∂2p

∂x2
− qp2

)
+ a3

(
−1

4

∂3p

∂x3
+

3

2
qp
∂p

∂x

)
with a2 and a3 constants.

Integrability

Hence the polynomial expansion leads to recognize the connection
between the integrability of SL(2,R) solitons and the integrability of:

Non-linear Schrödinger systems (a3 = 0)
Modified KdV systems (a2 = 0)
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Newman-Penrose formalism in 3d Ingredients

“Ingredients” of the N-P formalism

A.) SL(2,R)-valued tetrad 1-form

σ̃ =

(
n − 1√

2
m

− 1√
2
m `

)
(3)

B.) sl(2,R)-valued connection 1-form

ω =

(
ω0 ω2

ω1 −ω0

)
(4)

with

ω0 =
1

2
(−ε′` + εn − αm)

ω1 =
1√
2

(−τ`− κn + σm)

ω2 =
1√
2

(−κ′`− τ ′n + σ′m)
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Newman-Penrose formalism in 3d Equations

Equations of the N-P formalism

Spin 1-connection equation

d σ̃ + ωσ̃ − σ̃ωt = 0 (5)

It is equivalent to the following system of equations involving the
null-tetrads and the N-P spin coefficients:

dn = ε′`n − κ′`m − (α + τ ′)nm
d` = −ε`n + (α− τ)`m + κ′nm
dm = (τ ′ − τ)`n − σ′`m − σnm
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Newman-Penrose formalism in 3d Equations

Reduction of the 2-form curvature in 3d

Curvature 2-form equation

R = dω + ωω =

(
R0 R2

R1 −R0

)
(6)

B

y direct computation we get (using the Spin 1-connection equation)

R0 = (2Φ11 + Λ)`n − Φ12`m + Φ10nm

R1 = −
√

2Φ01`n +
1√
2

(Φ02 − 2Λ)`m −
√

2Φ00nm

R2 =
√

2Φ12`n −
√

2Φ22`m +
1√
2

(Φ02 − 2Λ)nm

were Φij (i , j = 0, 1, 2) are the trace free Ricci spin coefficients and
Λ = −R/6.
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Newman-Penrose formalism in 3d Equations

3 dimensional case: Particularity I

R = Λ

(
`n −

√
2nm√

2`m −`n

)
(7)

3 dimensional case: Particularity II

Using ε =

(
0 1
−1 0

)
, by direct computation we obtain

σ̃ε =

(
1√
2
m n
−` − 1√

2
m

)
and σ̃εσ̃ε =

(
`n −

√
2nm√

2`m −`n

)
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Newman-Penrose formalism in 3d Construction of sl(2,R) flat connection

Combining the “ingredients” of the N-P formalism

Construct the 1-form connection

Γ± = ω ± λσ̃ε

Curvatures of Γ±

Ω± = dΓ± + Γ±Γ±

= R + λ2σ̃εσ̃ε± λσ̃(ωtε+ εω)

Since dε = 0 and choosing λ2 = −Λ then ...

Ω± = 0 (8)

i.e. Γ± are flat sl(2,R)-connections.
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Newman-Penrose formalism in 3d 3d Gravity and AKNS solitons

Relating Γ± with AKNS solitons

Γ and sl(2,R) connections

Γ± = b−1
± db± + b−1

± a±b±

Flatness of Γ implies a is a soliton connection

Ω± = 0 ⇐⇒ da± + a±a± = 0

Comment: Let

Γ± =

(
X± Y±
Z± −X±

)
then the 1-form connections σ̃ and ω are recovered by

m =
1√
2λ

(X+ − X−), n =
1

2λ
(Y+ − Y−), ` = − 1

2λ
(Z+ − Z−)
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Newman-Penrose formalism in 3d 3d Gravity and AKNS solitons

Relating Γ± with the metric

Let

a± = P±dx + Q±dt and b =

(
α β
γ σ

)
where

P± =

(
ξ± p±(t, x)

q±(t, x) −ξ±
)
,Q± =

(
A± B±

C± −A±
)

(p±, q±, ∂x(p±, q±))

Then

X = [2(ασ + βγ)ξ + σγp − αβq]dx + [(ασ + βγ)A + σγB − αβC ]dt

+ σdα− βdγ
Y = [4σβξ + σ2p − β2q]dx + (2σβA + σ2B − β2C )dt + σdβ − βdσ
Z = (−4ξγα− γ2p + α2q)dx + [−2αγA− γ2B + α2C ]dt − γdα + αdγ
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Newman-Penrose formalism in 3d 3d Gravity and AKNS solitons

Relating Γ± with the metric

3d metric in terms of the N-P tetrads

gµν = `µnν + `νηµ −mmumν

Field equations

∂xA
± − p±C± + q±B± = 0

∂tq
± + ∂xC

± − 2q±A± − 2ξ±C± = 0

∂tp
± + ∂xB

± + 2p±A± + 2ξ±B± = 0

Showing explicitly how the integrability for the gravitational field equations
in three dimensions follows from the integrability of the AKNS system.
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Newman-Penrose formalism in 3d 3d Gravity and AKNS solitons

Part II: Integrability boundary
dynamics of higher spin gravity
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Integrability boundary dynamics of higher spin gravity mBoussinesq hierarchy

II Preliminaries: mBoussinesq hierarchy

1st member of mBoussinesq hierarchy

∂J
∂t

= λ1
∂J
∂φ
− λ2

(
2
∂(JU)

∂φ
+
∂2U
∂φ2

)
∂U
∂t

= λ1
∂U
∂φ

+ λ2

(
∂(U2)

∂φ
− ∂(J 2)

∂φ
+
∂2J
∂φ2

) (9)

Specific cases

λ1 = λ2 = 1 (mBoussinesq equation).
λ1 = 1, λ2 = 0 (2 independent chiral fields).
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Integrability boundary dynamics of higher spin gravity mBoussinesq hierarchy

II Preliminaries: Hamiltonian formalism of mBoussinesq
hierarchy

1st Hamiltonian of the hierarchy

H(1) =
k

4π

∫
dφ

[
λ1

2
(J 2 + U2) + λ2

(
1

3
U3 − J 2U − J ∂U

∂φ

)]
(10)

Poisson bracket

{F ,G} =
4π

k

∫
dφ

[
δF

δJ
∂

∂φ

(
δG

δJ

)
+
δF

δU
∂

∂φ

(
δG

δU

)]
(11)
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Integrability boundary dynamics of higher spin gravity mBoussinesq hierarchy

II Preliminaries: Hamiltonian formalism of mBoussinesq
hierarchy

Dynamics

By direct computation we have

{J ,H(1)}(t, φ) =
4pi

k

∫
dφ′δ(φ− φ′) ∂

∂φ

(
δH(1)

∂J

)
= λ1

∂J
∂φ
− λ2

(
2
∂(JU)

∂φ
+
∂2U
∂φ2

)
=
∂J
∂t

and similarly

{U ,H(1)}(t, φ) =
∂U
∂t
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Integrability boundary dynamics of higher spin gravity mBoussinesq hierarchy

2 Comments

1st comment: Matrix representation of the 1st member of mBoussinesq
hierarchy (

∂J
∂t
∂U
∂t

)
= D

(
δH(1)

δJ
δH(1)

δU

)
with D =

4π

k

(
∂φ 0
0 ∂φ

)

2nd comment: Relation with higher spin 3d gravity

{J (φ),J (φ′)} =
4π

k
∂φδ(φ− φ′)

{U(φ),U(φ′)} =
4π

k
∂φδ(φ− φ′)

Once appropriate boundary conditgions are imposed this Poisson algebra is
obtained from Dirac brackets in higher spin theory!
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Integrability boundary dynamics of higher spin gravity mBoussinesq hierarchy

II Preliminaries: Integrability and hierarchy

bi-Hamiltonian

Then integrability and existence of hierarchy follows from the fact the
system is bi-Hamiltonian:

H(0) =
k

4π

∫
dφ(λ1J + λ2U)

{F ,G}2 =

∫
dφ
(
δF
δJ

δF
δU
)
D(2)

(
δG
δJ
δG
δU

)
where

D(2) = DM†OMD with O =
2k

π

(
0 ∂−1

φ

∂−1
φ 0

)
and

M =

(
J + ∂φ U

−2JU − 1
2U∂φ −

3
2
∂U
∂φ U2 − J 2 − 1

2
∂J
∂φ −

3
2J ∂φ −

1
2∂

2
φ

)
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Integrability boundary dynamics of higher spin gravity mBoussinesq hierarchy

Integrablity: Conserved charges by recursion

Gelfand-Dickey polynomials

Infinite number of conserved charges in involution by recursion

R(n+1) = D−1D(2)R(n), where R(n) =

(
δH(n)

δJ
δH(n)

δU

)
(12)

Charges in involution

Decomposing H(n) = λ1H
1
(n) + λ2H

2
(n) then{

H i
(n),H

j
(m)

}
=
{
H i

(n),H
j
(m)

}
2

= 0 for i , j = 1, 2 and n,m ∈ Z≥0

Hierarchy of integrable equations labeled by k ∈ Z+

∂J
∂t

=
{
J ,H(k)

}
=
{
J ,H(K−1)

}
2
,

∂U
∂t

=
{
U ,H(k)

}
=
{
U ,H(K−1)

}
2
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Integrability boundary dynamics of higher spin gravity Spin-3 gravity in Chern-Simons language

Review: Chern-Simons formulation of spin-3 gravity in
AdS3

Chern-Simons for SL(3,R)× SL(3,R)

I = ICS [A+]− ICS [A−], where ICS [A] =
k

16π

∫
M

tr

(
AdA +

2

3
A3

)

Equations of motion (Flat connections)

F± = dA± + A±
2

= 0

Recovering metric and spin fields

With the generalized dreiben e := `
2 (A+ − A−),

gµν =
1

2
tr(eµeν), ϕµνρ =

1

3!
tr(e(µeνeρ))
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Integrability boundary dynamics of higher spin gravity Boundary and asymptotic behaviour of spin-3 gravity

Review: Asymptotic behaviour of fields

Diagonal gauge

A = b−1(d + a)b

where b = b(r) and

a = (J dφ+ ζdt)L0 +

√
3

2
(Udφ+ ζUdt)W0

Boundary conditions

ζ, ζU fixed at the boundary: [D. Grumiller, A. Pérez, S. Prohazka, D.
Tempo and R. Troncoso, Higher Spin Black Holes with Soft Hair,
JHEP 10 (2016) 119].
ζ, ζU precise functional dependence on J ,U , ∂(J ,U): [E.Ojeda
and A. Pérez, Boundary conditions for General Relativity in
three-dimensional spacetimes, integrable systems and the
KdV/mKdV hierarchies, JHEP 08 (2019) 079]
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Integrability boundary dynamics of higher spin gravity Boundary and asymptotic behaviour of spin-3 gravity

Boundary conditions for spin-3 gravity and mBoussinesq
hierarchy

Compatibility of boundary conditions with action principle

ICan[A] = − k

16π

∫
dtdx2εij tr(Ai∂tAj − AtFij) + B∞

In the diagonal gauge [D.Grumiller, et al.]

δB∞ = − k

4π

∫
dtdφ(ζδJ + ζUδU)

Choice of boundary Lagrange multipliers [E.Ojeda, et al.]

ζ =
4π

k

δH(k)

δJ
, ζU =

4π

k

δH(k)

δU
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Integrability boundary dynamics of higher spin gravity Boundary and asymptotic behaviour of spin-3 gravity

The mBoussinesq hierarchy from spin-3 gravity

Equations of motion

The field equations in canonical higher spin theory (vanishing of field
strenght) are

∂J
∂t

=
∂ζ

∂φ
,

∂U
∂t

=
∂ζU
∂φ

So for our choice of Lagrange multipliers...(
∂J
∂t
∂U
∂t

)
= D

(
δH(k)

δJ
δH(k)

δU

)
=

(
{J ,H(k)}
{U ,H(k)}

)
i.e. the equations of motion correspond to the kth element in the
mBoussinesq hierarchy.
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Integrability boundary dynamics of higher spin gravity Boundary and asymptotic behaviour of spin-3 gravity

Asymptotic symmetries

Gauge transformations preserving asymptotic form of A

δa = dλ+ [a, λ], with λ = ηL0 +

√
3

2
ηUW0

Transformation rules

Angular components: δJ = ∂η
∂φ and δU = ∂ηU

∂φ

Temporal components: δζ = ∂η
∂t and δζU = ∂ηU

∂t

Dirac brackets for J and U [Using Regge-Teitelboim method]

{J (φ),J (φ′)}? =
4π

k
∂φ(φ− φ′)

{U(φ),U(φ′)}? =
4π

k
∂φ(φ− φ′)

as expected!
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Integrability boundary dynamics of higher spin gravity Boundary and asymptotic behaviour of spin-3 gravity

Conserved Charges

The consistency transformations of the temporal components imply(
∂tη(t, θ)
∂tηU (t, θ)

)
=

∫
dφHessJ ,U [H(k)](t, θ; t, φ)D

(
η
ηU

)

So, as a consequence of integrability ...(
η
ηU

)
=

4π

k

∞∑
n=0

α(n)

(
δH(n)

δJ
δH(n)

δU

)

Conserved charges=Linear combination of Hamiltonians!!!

Q =
∞∑
n=0

α(n)H(n)
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Ojeda, E., Pérez, A. “Integrable systems and the boundary
dynamics of higher spin gravity on AdS3”. J. High Energ. Phys.
2020, 89 (2020).
Edward Witten. “2 + 1 dimensional gravity as an exactly soluble
system”. Nuclear Physics B 311.1(1988), pp.46–78.

Thank you for your attention!
Questions?

JCMP (HWU) 3d gravity and integrability April, 2023 29 / 29


	3d gravity
	Preliminaries about integrability
	SL(2,R) solitons
	AKNS equations

	Newman-Penrose formalism in 3d
	Ingredients
	Equations
	Construction of sl(2,R) flat connection
	3d Gravity and AKNS solitons

	Integrability boundary dynamics of higher spin gravity
	mBoussinesq hierarchy
	Spin-3 gravity in Chern-Simons language
	Boundary and asymptotic behaviour of spin-3 gravity

	References

