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Editors’ preface

It is with great pleasure that we are able to provide the reader with
a translation of Souriau’s classical text “Structure des Systémes Dy-
namiques” on mechanics. We have added the subtitle “a symplectic
view of physics”, which is close to the title first proposed by the author.

Compared to the French version, we have made several changes in nota-
tion for the English edition, all of which have the author’s approval. The
most important change is that the symbol V for the exterior derivative
of differential forms has been replaced by the symbol d. Consequently
in order to avoid confusion, the symbols d, d',... for vector fields have
been replaced by 6, &', .... We warn the reader that differential forms
are always given in terms of their action on tangent vectors and not in
terms of a dual basis.

We use this opportunity to thank C. Sacré of the University of Lille I for
doing all the computer graphics.

R.H. Cushman
G.M. Tuynman



Author’s preface to the French edition

I sincerely thank all those who have helped me with the design and the
writing of this book by their remarks, their discussions, and their advice;
in particular H. Bacry, P. Casal, R. Haag, F. Halbwachs, D. Kastler,
A.A. Kirillov, L. Michel, M. Zerner, and also J. Breuneval, J. Elhadad,
and H.H. Fliche who, in the course of a seminar at the “Faculté des
Sciences de Marseille”, have checked a large part of the computations
and arguments. I also thank P. Lelong, who has graciously accepted this
book in the series “Dunod Université”, and I hope that all those whom
I did not mention will forgive me.

Jean-Marie Souriau

Notre-Dame de Vaulx,
september 1968.
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Introduction

Lagrange’s book Mécanique Analytique, published at the end of the
18! century, is an incomplete work of which certain chapters are only
sketched. This is the reason why it is known principally through the work
of Poisson, Hamilton, and Jacobi, whose contributions have determined
the form of analytical mechanics as it is taught today.

Formal perfection, in mathematics, is never negligible; it is even a
necessary ingredient for progress. However, it seems that the classical
formalization of analytical mechanics has overlooked an important part
of Lagrange’s ideas. Without doubt this happened because the mathe-
matics of the first part of the 19" century did not have the necessary
scope; also because the successes of the theory (first in celestial mechan-
ics and later in statistical mechanics) hid the necessity of questioning
categories ! so classical that they seemed natural. One had to wait un-
til the 20" century to learn that the words time, space, and matter do
not have any direct physical meaning, but are only formal symbols of
revisable physical theories, and nowadays are outdated.

Analytical mechanics is not an outdated theory, but it appears that
the categories ! which one classically attributes to it such as configuration
space, phase space, Lagrangian formalism, Hamiltonian formalism, are,
simply because they do not have the required covariance; in other words,
because these categories are in contradiction with Galilean relativity. A
fortiori, they are inadequate for the formulation of relativistic mechanics
in the sense of Einstein.

We are now going to examine this idea by looking at the example of
a material point subjected to a force F. We will denote its mass by m
and its position at time ¢ by r.

Here the configuration space is ordinary (3-dimensional) Euclidean
space in which r evolves. The phase space is described by the pair (i)

where v is the velocity of the particle; thus its dimension is 6. Newton’s

equation
d*r
I F=m—
( ) dt 2
is a system of second order differential equations on the configuration
space. One can rewrite it as a system of first order differential equations

'We use the word category in its epistomological sense (Aristotelian or Kantian,
for example), and not in its algebraic sense.
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on the phase space:

dv F dr
11 = v,
(1) i " m i ="
In the case where the force F is derived from a potential w, one
considers the quantity
(11I) L=1Imv—w,
called the Lagrangian. The integral of the Lagrangian between two ar-
bitrary times to and ¢,
1
(IV) A= Ldt
to
is called the Hamiltonian action. The equations of motion (I) or (II)
can be obtained by requiring that this integral is minimized (Hamilton’s
principle or the principle of least action). We can also give the equations
of motion their canonical form
dq]‘ _ 6H dp]' 6H
dt — Op; dt —  9g
by writing ¢; (j = 1,2,3) for the components of r, p; for the components
of mv, and by writing the Hamiltonian

(V) H=1Imv+w

(V)

as a function of the canonical coordinates pj, ¢;, and ¢.

The extension of equations (V) to more general cases constitutes
the Hamiltonian formalism, which is used as the foundation of modern
treatments of analytical mechanics.

However, the very definition of phase space (as well as of configura-
tion space) assumes that a choice of reference frame has been made (for
example, the earth). But the phase space of the same material point is
essentially different for two observers in motion with respect to one an-
other (even in the simplest case of uniform rectilinear motion) because
the formulae for the change of reference frame depend on time. The
Hamiltonian H also depends on the observer, as does the variable ¢ in
the case of relativistic mechanics (“the relativity of simultaneity”).

Fortunately, this subjectivity of the fundamental concepts has a sim-
ple remedy: it suffices to treat the variable t like the others. In the above
example one should use the 7-dimensional space V over which varies the
triple

t 2
(VII) y=1|r
v

By “clearing denominators” in (II), these equations can be written in

2y is sometimes called an initial condition of the motion.
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the homogeneous form
mév—Fét =0 br—vét=0.

At each point y of V, these equations define the tangent direction to the
curve z described by the point y during the evolution of the system (see
Fig. 1). These curves thus are — according to a classical terminology
— the lines of force of the field of directions defined by the equations
(VIII).® Nowadays it is preferable to say leaves instead of lines of force,
because the theory of foliated manifolds (§at p. 38) incorporates this
problem in a more general and powerful formalism.

Evolution space V' Space of motions U

space-time

The space V, which we will call the evolution space (p. 127), and its
field of directions (or “foliation”) have an objective character. Of course,
every observer can describe V' by his favorite parameters.

It would seem natural to apply the same treatment to configura-
tion space. In the case of a material point, this boils down to working
on space-time and not on space and time separately. However, we en-
counter a serious conceptual difficulty as soon as we start treating a
more complicated system. In the case of two material points, for exam-

ple, should we replace the configuration space over which varies (:1)
2

r
by the 7-dimensional space described by (rg) , or by the 8-dimensional
t

r
t
r

space described by , obtained by looking at the two points at dif-

ty
ferent times ¢; and #,7 One of these choices seems natural in classical

3We assume that F is a known function of y, that is, a function of ¢, r, and v.
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mechanics and the other in relativistic mechanics! Since it is more a
matter of opinion than of physics, we simply propose to give up alluding
to configuration space. We will see later that we do not lose anything by
doing so.

Now that we represent a dynamical system by a foliation of the evolu-
tion space, we must ask ourselves what it is that is specific to mechanics
in such a description. The answer to this question was given — implicitly
— by Lagrange himself. The foliation is determined by an antisymmet-
ric covariant second order tensor. We will denote it by ¢ and call it the
Lagrange form.* The components of this tensor are expressions known
as Lagrange brackets.

o can be considered as a bilinear operator on tangent vectors of V.
If we choose two such vectors (Fig. 1)

6t &'t
(IX) by =] ér Sy=1 é&r |,
v §'v

o associates to them a kind of (antisymmetric!) scalar product, which
we will denote by o(éy)(6'y) and whose value is®

(X) (mév —Fét, §'r —vé't) — (mé'v—Fét ér—véty,

where the brackets (, ) denote the usual scalar product. Looking at the
equations of motion (VIII), we see that the vector éy is tangent to the
leaf z passing through y if it satisfies

(XI) o(8y)(8'y) = 0 v oy o

This is what is meant by saying that the foliation is the kernel of the
2-form o (p. 130).

One can find other tensors having the same kernel (for example, mul-
tiples of o). Thus the description of a system by its Lagrange form,
which we adopt henceforth, is more complete than its description by its
foliation alone. The hypothesis that o has a direct physical significance
is essential, and can be tested by experiment. And thus, when carrying

4An antisymmetric covariant tensor of order p is called an exterior differential
form of degree p, or simply a p-form (p. 31).

5In every new mechanical problem, we have to define the equivalent of this expres-
sion (see equations (12.45), (12.52), (14.4), (14.24%), (14.29%), (14.48), (14.53),
(15.1), (15.26), etc.). We also treat the case of systems subjected to ideal holonomic
or nonholonomic constraints (p. 124 and p. 132).

5The classical principle of virtual work is only an abbreviated form of formula
(XI).
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out a change of reference frame in classical mechanics, we also study the
transformation formulee of the 2-form o and not just those of the equa-
tions of motion ((12.76), p. 136). This leads us to classify forces into two
distinct types.”

Since the work of Henri Poincaré and Elie Cartan, the theory of dif-
ferential forms (84, p. 31) has become an essential instrument of modern
(differential) geometry. This theory includes operations and specific for-
mulee that are very flexible and very powerful and allows us to express
geometrically some properties whose classical denotation is quite cum-
bersome. For example, the fact that the force F in the example of a
material point does not depend on velocities and derives from a poten-
tial can simply be written as

(X1I) do=0,

where the symbol d represents the operation of ezterior derivative (p. 36).

In the diverse dynamical systems encountered in nature, condition
(XII) is actually satisfied. We thus propose it as a principle of mechanics,
under the name Mazwell’s principle.®

Furthermore, Maxwell’s principle is necessary and sufficient in order
that, in the description of a system by means of a phase space, the equa-
tions of motion can be written in Hamilton’s canonical form (V).® Thus
Maxwell’s principle contains the essence of the Hamiltonian formalism,
but without the inconveniences of the usual formulation (p. 139).

Likewise, the principle of least action (Lagrangian formalism) disap-
pears because we have given up the notion of configuration space in terms
of which this principle is stated. However, from the days of Fermat and
Maupertuis until the present, variational principles are among the most
used guides in theoretical physics. Thus it is important to know that
nothing is lost by replacing the Lagrangian formalism with Maxwell’s
principle.

The answer is supplied by experiment: there exist systems that satisfy
Maxwell’s principle and for which one can prove that they do not have
an underlying Lagrangian formalism. One should think in particular of
polarized particles or particles with spin.'® One can see also that the

“Examples of forces of the first type are: weight, electrostatic attraction; of the
second type: Coriolis force, Lorentz force (exerted by a magnetic field on a moving
electrical charge).

8J.C. Maxwell did indeed formulate this principle in certain particular cases (equa-
tions (12.86), p. 138).

SWith the proviso that the Hamiltonian H can be, in certain circumstances, a
multivalued function on phase space.

19(pages 174 and 186). It has been known for a long time how to write classical



(XI111)

xxii Introduction

Lagrangian, when it exists, does not always have the required covariance
((12.136), p. 148).

Thus “Maxwell’s formalism” is better adapted to the description of
nature.

We can define, without any ambiguity, a motion z of the system as
being a leaf (or line of force) of V. Causality (or determinism) of the
system is expressed by the fact that each initial condition y defines one
and only one motion z.

We are now going to consider the abstract set of motions (p. 129). It is
a space U of which each point « represents a complete motion (considered
in its complete temporal development).

It can be shown that each motion z can be described by a system
of n parameters, none superfluous, which are differentiable functions of
the initial conditions, with the proviso that it may be necessary to use
different systems of parameters (or “charts”) to cover all of U (just as
several charts are needed to represent the whole (planet) Earth).

Differential geometry provides us with a precise vocabulary (pages 3,
7, and 10) to state these properties:

The space of motions U admits the structure of a manifold of dimen-
sion n.
The map y +— z (Fig. 1) is an open differentiable map from V onto U.

Thus, in the example of a material point, the space of motions is a
6-dimensional manifold.!!

It is important not to confuse motions with trajectories (which are the
projections of motions on configuration space or phase space, and which
are obtained by “forgetting” the temporal aspect of a motion). In gen-
eral, the set of trajectories does not admit the structure of a manifold
that can be derived from that of V or U, simply because there are not
enough “single valued first integrals” to determine the trajectories.!? The
“entanglement” of the set of trajectories is the origin of what are called
ergodic problems. This comparison between motions and trajectories

or relativistic equations for these particles (L.H. Thomas, 1927). Moreover, one uses
them in practice (particularly for the measurement of magnetic moments). Several
authors have searched in vain for a corresponding Lagrangian.

n the case of the Kepler problem (p. 121), U is a 6-dimensional manifold (the
“Kepler manifold”). The 6 parameters needed to describe a motion are called the
orbital elements. It seems that the Kepler manifold is one of the first “abstract”
manifolds considered by mathematicians.

'2In many cases there exists only one such first integral: the energy. But there are
exceptions: the Kepler trajectories form a 5-dimensional manifold.
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shows how much the structures of differential geometry are important in
physics.

The fact that the map y +— z is differentiable allows the following
construction. After choosing a point y of V and tangent vectors éy and
8"y (formulee IX), one can define (p. 7) corresponding vectors éz and §'z
on the space U. By analogy with the theory of surfaces, it is said that
bz and 6’z are tangent vectors to the manifold U at the point = (Fig. 1).

Taking Maxwell’s condition into account, it can be shown ((12.100),
p. 141) that the tensor o “pushes down to the space U”,'* which means
that we can define a tensor on U, still denoted by &, such that

(XIV) a(6y)(8'y) = o(éz)(8'x) .

It thus suffices to know the 2-form o on U to be able to compute it on
V. Since 6z is zero whenever éy is tangent to a leaf, it follows that the
kernel (see XI above) of the 2-form o on U is zero, that is, o is injective
on U.' One can prove (p. 141) that the 2-form o on U also satisfies

(XV) do=0.

By a symplectic manifold (p. 81) we will mean any manifold on which
an injective 2-form o satisfying do = 0 is defined. Thus the above results
can be summarized by saying that

(XVI) the space of motions is a symplectic manifold.

Knowing the symplectic manifold U allows us, if we so desire, to
go back to the manifold V.'®* The description of a dynamical system
by means of its space of motions is thus as complete as the description
provided by its evolution space. But it has an important advantage:
the space of motions of a system composed of several independent parts
is the direct product (p. 81) of the individual spaces of motions. The
description of the evolution space of a composite system by means of the
individual evolution spaces does not have the same simplicity (p. 200).

From now on (p. 154) we give up the notion of evolution space —
which has served only as an epistomological intermediary. This will allow
us to enlarge classical mechanics. We will be able to treat systems which
have a symplectic space of motions, but which do not have a covariant

13The Lagrange form is said to be an “integral invariant” of the foliation of V
(p- 43).

YFrom this it follows that the dimension n of U is even (p. 76).

150ne can, if one wishes, consider V to be the direct product of U and the time
azis. The Lagrange form on V' can be computed using formula (XIV). Maxwell’s
principle is automatically satisfied because of (XV).
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evolution space (p. 184). A typical example is the case of photons, which
thus take their place in mechanics in accordance with Newton’s wish.

Let us return to classical mechanics. As we have seen, the definition of
U implies the principle of causality. Choosing U as the initial category
of mechanics means allowing causality without restrictions. Causality
thus loses its status as a result of the theory to become a consistency
condition of it.

This approach may seem hazardous to some. However, it is indis-
pensable for further progress. Nevertheless, let us recall that it concerns
only one very particular aspect of causality. We will see in particular that
the point of view adopted here is perfectly compatible with the kind of
“indeterminism” encountered in statistical and quantum mechanics.

Let us also note that, by acting in this way, we do not prejudge the
ease or difficulty of the problems posed by explicitly solving the equations
of motion. Problems of asymptotic behavior, for example, reappear in
due time, but from a new point of view (p. 274).

Directly considering U focuses attention on a situation one might call the
paradoz of the physicist. The physicist, who is very careful not to invent
the world a priori, thinks he deals only with real facts. But the actual
evolution of a material system, however complex it may be, is represented
by a single point x of the manifold I/.'¢ Thus the other points have only
a virtual existence. Nevertheless, only by giving a structure to the set
of these virtualities can the physicist, to a certain degree, explain and
predict reality.

Certain minds are reluctant to accept taking the virtual into account
(it is there in particular that one finds the reason for the a priori rejection
of the explanatory power of variational principles which appeal explicitly
to “virtual motions”; one should note that the symplectic formulation
contains less of the virtual than the variational formulation). It seems
preferable to us to “resolve” this paradox by establishing a dialectic be-
tween the real and the virtual, which is made possible by the theory of
groups.

It is clear that the laws of physics are discovered by comparing obser-
vations or experiments. This allows us to treat various partial aspects of
reality as different virtualities. Now two distinct experiments necessarily
occupy two different regions of space-time. We thus can compare them
only by putting them into correspondence. The correspondences called
upon in this way act on space-time as well as on its “contents”.

16Henri Poincaré has observed that the laws of physics deal with all possible worlds,
whereas “there exists only one copy” of the real world.



Introduction XXV

We will essentially presume that these correspondences preserve the
structure of the virtual — otherwise a comparison of experiments would
remain fruitless. This is why our scientific knowledge of nature derives
necessarily from an explicit or implicit appeal to a set of isomorphisms
of the virtual. These isomorphisms generally form a group.!”

In the case of a dynamical system, we have assumed that the virtual
makes up the space of motions U, and that its structure is symplectic.
Its isomorphisms — or symplectomorphisms — are easily deduced. They
are the transformations a such that

(1) ais a bijection from U onto itself;
(2) @ and its inverse are differentiable;
(XVII) (3) a preserves the 2-form o:

o(82)(6'2) = o(8la(x)])(8a(=)]) .18

The symplectomorphisms of U obviously form a group ((10.15), p. 94),
which we denote by Can(U).'? It turns out — and this is an essential
property of symplectic geometry — that this group is extremely rich 2°
(much more so, for example, than the group of isomorphisms of the Eu-
clidean structure, which is a finite dimensional group). In particular, ev-
ery quantity capable of being measured (a “dynamical variable”) can be
associated, by an infinitesimal method (p. 98), to a 1-dimensional group
of symplectomorphisms. Conversely, every finite dimensional group %
of symplectomorphisms (which we will call a dynamical group ?*) most
often can be associated with a system of dynamical variables, which are,
by construction, “constants of motion”. In this way ((11.12), p. 103) one

17This group differs according to the physical theory used. In the simplest cases
(experiments repeated in the same laboratory) one uses the group of time translations
(they are written as r — r, ¢ — ¢+ constant in the reference frame of the laboratory).
In general relativity the notion of a group is insufficient and one has to use the notion
of a pseudo group, see Souriau [32]. We encounter groups corresponding to Newtonian
and relativistic mechanics.

18These properties say that a is an isomorphism of successively the set theoretic
structure of U (property (1)), of the manifold structure (properties (1) and (2); such
isomorphisms are called diffeomorphisms), and finally of the symplectic structure.

19Because symplectomorphisms of the classical phase space are called “canonical
transformations”; sometimes they are also called “contact transformations”.

20When U is Hausdorff and connected, one can show that Can(U) acts transitively,
that is, for every pair of points z, 2’ of U there exists a symplectomorphism a such
that a(z) = 2’, and even these exist in large numbers.

“1Finite dimensional groups are called Lie groups (§6, p. 45).

22Having knowledge of a dynamical group is an important element in the description
of a system; for example, the harmonic oscillator ((12.150) and (12.151), p. 151), or
the hydrogen atom ((12.149), p. 150).



xXxvi Introduction

generalizes a theorem which Emmy Noether stated in the Lagrangian
formalism (p. 68) and whose physical importance is considerable.

Given a dynamical group, the set of dynamical variables constructed
in this fashion can be organized into a geometrical object u which we
will call a moment.??

The fact that such a moment is a priori only defined up to an additive
constant brings into play an algebraic mechanism known as cohomology
(p. 104). This mechanism will play an important role in the study and
classification of dynamical systems.

The most immediate application of the notion of dynamical group is
the study of covariance of mechanics. By stating that the structure of
the set of motions of an isolated dynamical system is the same relative
to every inertial reference frame (which is the natural formulation of
the principle of Galilean relativity), one can show that a certain 10-
dimensional group, called the Galilei group, is a dynamical group of
such a system (p. 144). This single fact will have a great number of
important physical consequences.

First of all, the ten components of the associated moment p allow us
to attach to every motion z physical quantities whose interpretation is
easy: energy, linear momentum, angular momentum, and the center of
mass ((12.140), p. 148). The principle of equality of action and reaction
becomes a theorem ((12.139), p. 148). One can establish — without
referring to a decomposition of the system into material points — some of
the “general theorems” of mechanics: conservation of linear and angular
momentum, conservation of energy. One can show that every motion
of the system can be described by the uniform rectilinear motion of the
center of mass (the principle of Galilean inertia) and the motion of the
system “around” its center of mass (Koenig’s theorem). In other words,
the space of motions is decomposable (p. 161).*

The cohomology of the Galilei group allows us to associate to each
dynamical system a number m, which is independent of the motion. m
can be interpreted as the mass of the system ((12.136), p. 148).

One can also carry out a dimensional analysis of mechanics (p. 156).

23Mathematically, the moment y is a torsor of the group, that is, an element of the
dual of the Lie algebra. p depends on the motion z. Editors’ note: The map z — pu
is called the moment or momentum map.

24Geometrically, one can see that U is the product of two symplectic manifolds.
This fact arises from the existence of a 14-dimensional dynamical group which extends
the Galilei group. In particular, this larger group contains subgroup SO(3), called
the group of spin. We will see that this subgroup does not appear in relativistic
mechanics.
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We are led to choose as fundamental dimensions action A,%° length L,
and time 7. The dimensional equations of mechanical quantities are bet-
ter expressed with these dimensions than with the traditional dimensions
M, L, and T. It is cohomology that gives mass the status of a derived
dimension M = AT L2

Without changing anything in the symplectic formulation of the the-
ory, one can go from classical mechanics to relativistic mechanics simply
by replacing the classical formula for the change of reference frame by
the formula of Lorentz. This amounts to replacing the Galilei group as
a dynamical group by the Poincaré group.?® An analysis parallel to the
one given for classical mechanics gives us — as theorems — the principles
of relativistic mechanics ((13.70), p. 167). The differences in structure
between the Galilei group and the Poincaré group give us fundamental
differences between these two kinds of mechanics. Since the cohomology
of the Poincaré group is zero, there is no longer a number which is char-
acteristic for the system, such as the classical mass; the role of mass is
played by the relativistic energy, which no longer contains an arbitrary
additive constant, but which depends on the motion (pages 169 and 188).
Furthermore, there is no barycentric decomposition because this decom-
position was a consequence of the existence of a privileged subgroup of
the Galilei group (p. 159), which does not have an equivalent in the
Poincaré group.

A priori, the simplest dynamical systems are those on which the
Poincaré group acts transitively (that is, every virtual motion can be de-
rived from the real motion by a change of reference frame). Symplectic
geometry allows us to completely classify these “elementary” systems.

The results of this classification (given in detail in §14 for the phys-
ically interesting cases) show that we obtain in this way the elementary
particles that are actually observed. The classification is described by
means of two numbers m and s for which we have a full physical inter-
pretation: the (rest) mass and spin (or intrinsic angular momentum).
In the massless case, a third number intervenes: the helicity, which can
take only the values +1. The mechanical model thus constructed can be
used for the photon, which is (circularly) polarized to the right or left
according to the sign of the helicity. There is even place to describe hy-
pothetical particles (tachyons) whose velocity is always larger than that

A = ML?>T! is the dimension of the Hamiltonian action (IV), whence its name.
The role it plays here comes from the fact that it is the dimension of the symplectic
scalar product (X). The fact that A is also the dimension of Planck’s constant will
play an essential role in quantization (p. 346).

26 Also called the “inhomogeneous Lorentz group”. It is 10-dimensional as is the
Galilei group (p. 164).
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of light ((14.37), p. 184).

Let us also point out that this theory allows us to classify the possi-
ble behaviors of these particles relative to inversions of space and time
(p- 189), and to give a nonrelativistic description of them (p. 185). In
particular, the nonrelativistic model of the photon depends (in addition
to spin and helicity) on a new parameter called “color” (which can be
interpreted as spatial frequency after quantization). One can see that
classical geometric optics can be deduced from this model by neglecting
spin (p. 212).

In these cases we see how much the real-virtual dialectic fertilizes the
apparently sterile description of the motion of a system by a single point
on a symplectic manifold.

Besides these theoretical aspects, “symplectic mechanics” seems to
have numerous practical applications, of which we mention a few.

— First of all let us cite Lagrange’s perturbation theory (p. 142), which
plays a fundamental role in celestial mechanics.?”

— The theory of a particle in an electromagnetic field contains a cer-
tain number of a priori hypotheses. By using the axioms of symplectic
geometry, one can limit the arbitrariness in these hypotheses. The equa-
tions which we propose, in the classical as well as in the relativistic case
(p. 194), seem to agree with experiment. Besides the well-known effects
related to the (electric) charge (the electrostatic force and the Lorentz
force), they describe the magnetic effects related to spin (the inertial ef-
fects of spin being known a priori and not by analogy with a rotating
rigid body). In this way one can describe experiments concerning spin
precession and magnetic resonance. One also recovers the equations
of Thomas, Bargmann, Michel, and Telegdi, which are used for precise
measurements of magnetic moments ((15.35) and (15.36), p. 199).

— Scattering theory plays a very important role in quantum mechanics.
The non-quantum scattering theory which we propose (p. 205) is very
general. It can be applied, for example, to the study of a photon travers-
ing an optical instrument (the parameters on which the photon depends,
color and helicity, allow us to anticipate dispersion and rotational bire-
fringence, and we can derive important concepts of geometrical optics

27If one tries to find out, using the classical methods of differential calculus, how
the coordinates of the orbit of a planet vary under a perturbing force, an extremely
dense calculation leads to equations which were discovered by Lagrange and whose
simplicity is striking . The search for understanding this simplicity certainly has been
an essential factor for progress and discovery in theoretical mechanics.
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such as the angular eikonal (p. 213)). Scattering theory can also be
applied to collisions of particles (p. 218) (we obtain a priori the conser-
vation laws which govern the phenomenon). In the theory of an ideal
gas, scattering theory can take into account the collisions of the parti-
cles between themselves and with the walls of the box containing them
(p. 272). We will study in detail the example of reflection of a photon by
a planar mirror. The relativistic treatment of this phenomenon, taking
the polarization of the photon into account, leads to some interesting
conclusions (for example, the change of the helicity, the Doppler effect,
etc. (p. 217)).

On a more speculative level, scattering theory can be used (in classi-
cal as well as in quantum mechanics) to study indirectly some problems
which at present we do not know how to treat directly, the most “shock-
ing” one being that of relativistic interaction of particles, a problem that
probably can only be solved by giving up some of our preconceived ideas
(p. 204).

Statistical mechanics can be formulated very simply by means of the
space of motions U. It suffices to describe the behavior of the system
not by a point of U, but by a probability measure on U, also called a
“statistical state” (p. 271).28

The entropy of such a probability measure can be defined directly
(p- 260). Imposing the condition that entropy is mazimal (modulo cer-
tain conditions associated with a dynamical group), we define an ensem-
ble of statistical states generalizing the Gibbs canonical ensemble and
having some interesting mathematical properties (p. 265).

Classical statistical mechanics corresponds to the dynamical group
of time translations. Assuming a priori that statistical equilibria belong
to the associated Gibbs ensemble, we easily recover the concepts and
principles of classical thermodynamics (temperature, energy, heat, work,
entropy, thermodynamic potentials) and of the kinetic theory of gases
(pressure, specific heats, Maxwell’s velocity distribution, etc., see pages
276-287).

If we also allow Gibbs ensembles to be associated to various sub-
groups of the Galilei or Poincaré group, we describe new phenomena in
a manner which seems to be consistent with experiment, such as rela-
tivistic ideal gases (p. 296), rotation of celestial bodies ((17.20), p. 295),
and classical (p. 292) or relativistic centrifuges (p. 298). For example,

28The corresponding description in phase space is a complicated formalism, neces-
sitating a partial differential equation in the sense of distributions.
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one can predict the statistical orientation of the spin of particles inside
a centrifuge ((17.113), p. 293).

In this covariant formulation of statistical mechanics, the role of clas-
sical temperature is played by a 4-vector (p. 297), which gives, in addition
to the proper temperature, the mean velocity of the environment under
study. The temporal orientation of the temperature vector explains why
particles with negative mass (as well as tachyons) are excluded from the
equilibria we know. One may conjecture that this vector represents the
“arrow of time”, and so find a means to escape the paradox that statisti-
cal irreversibility is based on reversible elementary laws. But it would be
pleasant to have a formulation of thermodynamics which is valid away
from equilibrium states, and which does not boil down to an upgraded
version of “thermostatics”.

Among the examples we discuss is that of the statistical equilibrium
of photons enclosed in a box. Starting from the previously established
model of a photon, taking into account their indistinguishability,?® and
treating the number of photons as a random variable,®® we obtain a
coherent description of black body radiation, which provides in particular
the Stefan-Boltzmann law and the law of radiation pressure (p. 301). But
the spectral distribution of black body radiation so obtained®' differs
quantitatively from the observed distribution (Planck’s law). Thus we
have reached the limits of the validity of statistical mechanics, which
must be replaced by quantum mechanics.

One of the fundamental ideas of quantum mechanics is that of “re-
placing” the measurable quantities of classical mechanics (the dynamical
variables) by operators (called observables) satisfying a certain number
of conditions. In the formulation of Dirac, one should associate in a

linear way to dynamical variables u,v, ... operators @,d,... so that
Gov—0ou = —ih[u,v]p

(XVIII)

1 = the identity operator .32

29This indistinguishability has a precise symplectic formulation ((15.47), p. 202).

30Possible because of the notion of “Fock manifold” (p. 300), which we will meet
again later on.

31Using a mechanistic model of the photon allows us to avoid divergences which
render the Rayleigh-Jeans law incorrect (the “ultraviolet catastrophe”).

321 is the quotient of Planck’s constant by 2w. The expression [u,v]p denotes the
Poisson bracket of u and v. It is a new dynamical variable whose definition is purely
symplectic ((9.22), p. 86).
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We give an explicit solution to “Dirac’s problem” (XVIII) (p. 349).
An ingredient of this solution is the construction of a manifold Y, as-
sociated in prescribed fashion to the symplectic manifold U of classical
motions. We will say that Y is a prequantum manifold > and that the
construction of Y is a prequantization of U (p. 307-310).

One can state necessary and sufficient conditions in order that the
prequantization of the symplectic manifold U be possible (pages 310-
312). It turns out that these conditions seem to be satisfied for dynamical
systems encountered in nature.®® Thus we have to investigate whether
prequantum manifolds so constructed can play a role in the formulation
of quantum mechanics.

Let us first note that the prequantization of the space of motions,
which is unique in the case of an elementary particle ((18.135), p. 330),
can have, in certain cases, several essentially different solutions. We
provide a rule which allows us to inventory the different prequantizations
((18.133), p. 330). This rule is based on homotopy theory (p. 16). In this
way we can show that a system of indistinguishable particles has ezactly
two prequantizations. Both prequantizations seem to be realized in na-
ture (“Bose-Einstein statistics” and “Fermi-Dirac statistics”), contrary
to other quantizations which have been proposed (“parastatistics”) but
which do not fit into this geometrical framework.

We will show that the usual wave functions of quantum mechanics can
be described by means of functions defined on the prequantum manifold
itself (one gets the usual spatio-temporal description by a Fourier trans-
form). We will obtain the Schrédinger equation ((19.73), p. 357), the
Klein-Gordon equation ((19.91), p. 359), the Dirac equation ((19.113),
p- 363), the quantized Mazwell equations ((19.158), p. 369), and others
((19.100), p. 361 and (19.132), 365). In all of these examples we have a
systematic way of defining the classical observables: linear momentum,
energy, angular momentum, and position.

The case of an “assemblée” of an unknown number of identical par-
ticles can be treated by the same method starting from a very simple
hypothesis: a classical motion of the assemblée is a finite subset of the
space U of classical motions of a single particle.

The space Ug of motions of an assemblée as defined above also admits
the structure of a symplectic manifold, which we will call the “Fock

33The prequantum structure of a manifold is uniquely determined by a 1-form @
(p. 308) satisfying certain axioms.

34In the case of elementary particles (classical or relativistic) it is necessary and
sufficient that the spin (the intrinsic angular momentum) be an integer multiple of
h/2 ((18.57), p. 312 and (18.81), p. 321). This is in agreement with experiments.
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manifold”.

If we apply the Bose-Einstein or Fermi-Dirac prequantization to the
Fock manifold, we see emerging the notions and algebraic relations con-
stituting the formalism of “second quantization”, namely, the quantum
vacuum (p. 373) and the creation and annihilation operators (pages 373-
378).

The notion of wariance appears here in a new light, which we now
outline.

The isomorphisms of the prequantum structure of Y (or “quantomor-
phisms”) form a group. Each quantomorphism “descends” to the space
U of classical motions and defines a symplectomorphism there.

Conversely one can try to “lift” the symplectomorphisms of U to
quantomorphisms of Y. The problem of lifting a dynamical group to a
group of quantomorphisms leads to some nontrivial situations.

For example, in the case of a linear system, the group of translations
lifts to a nonabelian group: the Weyl group (p. 336). In the case of a
nonrelativistic particle, the elements of the Galilei group are individually
liftable, but the whole group does not act on the prequantum manifold Y
and thus not on the solutions of the Schrédinger equation. V. Bargmann
has shown the cohomological origin of this fact — an origin which is
obvious here (p. 358). In the case of a relativistic particle with integer
spin ®°® one can make the Poincaré group act on the prequantum manifold
Y. On the other hand, in the case of spin /2, it is not the Poincaré
group that can be lifted, but a covering space (p. 13) of this group.
This explains the paradoxical variance of the geometrical objects, called
spinors, that are used to formulate the spatio-temporal form of the Dirac

equation: spinors “only make a half turn when space makes a full turn” .

The description of a “state” is a fundamental problem in quantum
mechanics. Initially, a state was a unit vector of the Hilbert space on
which the observables act. Using the construction of the Hilbert space
proposed here (pages 339-345), it is easy to associate to each “quantum
state” a “statistical state”, that is, a probability measure on the space of
classical motions. In this way the probabilistic interpretation of quantum

35In the case of a photon one recovers in this way the wvectorial nature of the
Maxwellian potential A, which corresponds to a scalar function ¥ on the prequantum
manifold Y (pages 366-369).

350ne can look for other ways to explain this paradox. For example postulating a
direct interpretation of the covering space of the Poincaré group (which boils down
to modifying relativity in a manner which seems to be incompatible with general
relativity) or describing the wave function by ordinary geometrical objects, chosen so
that they describe the spinor up to a sign (but such a description destroys the linear
character of the wave equation). Such artifices become unnecessary here.
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mechanics (p. 348) can be formalized.

However, it was soon discovered that this idea of a state is not suf-
ficient to cover all cases found in experiments. For example, the states
of quantum chemistry are described by the formalism of a “density op-
erator” (p. 382). More fundamentally, there exist states that have a
vectorial description but that do not belong to the initially postulated
Hilbert space.3”

These difficulties disappear in the axiomatic formulation of quan-
tum mechanics based on C*-algebras. We propose here a solution that
is roughly analogous. It consists of considering the quantum states as
functions defined on the group of quantomorphisms of Y and satisfying
certain axioms (p. 382). In particular, these states are “functions of
positive type” on this group (p. 380).

This definition allows us to calculate quantum average values (p. 382).
In certain cases one can associate to these states new Hilbert spaces and
vectors in these spaces (due to the Gelfand-Naimark-Segal construction
(p- 384)). This solves certain difficulties but poses new problems.

In any case, the method of quantization proposed here remains con-
jectural. It has the advantage of being intrinsic, of giving a precise sense
to the correspondence principle (p. 346), and of uniting into one coher-
ent view various aspects of quantum mechanics whose logical relations
would not otherwise be evident. On the other hand, it leaves open many
mathematical problems and questions of interpretation. We present this
method of quantization above all as a subject of reflection for the re-
searcher.

This book contains developments of pure mathematics which can be
read independently from the rest. Reading them only requires knowledge
at the undergraduate level.

Chapter I is an outline of essential results from differential geometry
(see the table of contents for details). We only give proofs which bear
directly on the understanding of the questions treated. The reader can
find the omitted proofs in specialized treatises.

Chapter II is devoted to symplectic geometry. It contains not only
the classical results of this theory (see the table of contents) but also
a detailed study of theorems of cohomological type called for by the
abstract notion of a dynamical group. It also treats the inverse procedure
of constructing a symplectic manifold starting from a Lie group.3®

37As is the case here for the wave functions of elementary particles (p. 357).
38This algorithm plays an essential role in recent research on the theory of unitary
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§16 of chapter IV is devoted to the notion of a measure on a manifold.
Those proofs that are not given, can be found in Bourbaki’s treatise on
integration. The text is illustrated with various examples: convolution
on a Lie group, random variables, moments, Gaussian distribution, Gibbs
ensemble of a dynamical group, and classical photometry.

§18 is, as others, purely mathematical. It seems that the “geomet-
ric quantization” treated there, may be useful in treating problems of
unitary representation of Lie groups.®® We use the opportunity to recall
the essential definitions of this theory, in particular Hilbert spaces and
C*-algebras.

The physicist reader could start reading this book at chapter III,
which starts with the most classical aspect of mechanics, followed by §17
(statistical mechanics), and then §19 (quantization of systems). He will
see how certain mathematical structures appear naturally in the study
of dynamical systems. The goal of this book would be attained if this
would give him the desire to delve into the study of these structures and
to use them as a tool in his research.

representations of Lie groups, following the works of, in particular, Dixmier, Kirillov,
Bernat, Gelfand, Kostant, and Auslander.
39Gee Streater [34].
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§1. Manifolds

The definition of manifolds

Let V be a set and let n be a positive integer. A coordinate system on V
is a prescription which to » real numbers 'z,2z,...,"z assigns a point
X of V; the z are called the coordinates of X in the system F.1°

It will be convenient to write

z=1 . |, X = F(z).

Thus a coordinate system F' will be considered as a map from R” to
V.41 We will make the essential assumption that F' is injective 42 and
that dom(F') is open.*®

EXAMPLE: If F is a real vector space of dimension n and if the vectors
S1,5,...,S5, constitute a basis of E, then one can define a coordinate
system S on E by

S(z)y=5tz+ S %+ -+ 85, "z,
or, using matrix notation,

S:[Sl SQ Sn]

“OFollowing tensor notation, we write the indices of the coordinates as superscripts;
they are placed to the left for reasons which will become clear later.

41If E and E' are sets, then by a map from E to E’ we will mean any map A defined
on a subset of E (denoted by dom(FE)) onto a subset of E’ (denoted by im(A)).

42We will say that a map A is injective (one to one) if [A(z) = A(z')] = [z = 2'].
In such a case A possesses an inverse, written as A~!, which is characterized by
dom(A~1) = im(A), im(A~!) = dom(A4), and

[A7H(2) = 9] = [z = AW)] -

It follows that A~! is injective and that [A71]7! = A.
43The Fuclidean norm of z € R™ is defined as the number

llzll = V['2]* + - - + ["2]?.

A ball (respectively sphere) of center y and radius r is the set of all z in R"™ such
that ||z — y|| < » (vespectively ||z — y|| = r); an open set of R™ is any union of balls.
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4 Differential Geometry

We will simply say that the map .S, defined by (1.3) or (1.4), is a basis
of E. O

If F'and G are two coordinate systems (Fig. 1.1), it is clear that F'~1eG
is a map from R"™ to R™;* we will say that F' and G are compatible if
F~'o@ and its inverse G~! o F' are differentiable.*®

L A)
/ \
Vi \
’ -1, \
VA S
L= -y
R”

An atlas of V is a set A of coordinate systems such that

a) The elements of A are pairwise compatible.
b) The sets im(F'), F' € A cover V.

44We denote by A° B or A - B the composition of the maps A and B; it is defined
by

{z € dom(A ° B)} <= {z € dom(B), B(z) € dom(A)} = {[4° B](z) = A(B(z))}.

Of course, if im(B) and dom(A) do not intersect, dom(A ° B) is empty. In such a
case we will say that the map A° B is empty; it does not constitute an exception, in
particular not to the associative law

[AeB]eC = A°c[Bo(],
nor to the behavior of composition under inversion
[AoB]"'=B7lo A"l

which is valid if A and B are injective.

45A map A from R”® to R™ will be called differentiable if dom(A) is open and
if for every ¢ € dom(A) the coordinates ¥y of y = A(z) have continuous partial
derivatives of all orders with respect to the coordinates iz of z (we will have no
occasion to use functions which are p times differentiable and which may not have
partial derivatives of order higher than p). By convention we will say that the empty
map is differentiable.
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Once an atlas A has been chosen, an admissible coordinate system, or
for short a chart of V, is any coordinate system compatible with those
of A; it can be shown that two charts are compatible. It follows that the
set of all charts is again an atlas and that this atlas is the largest atlas
containing A.

Once we have defined in this way the set of all charts of V', we will say
that V' is a manifold, or, more precisely, that we have defined a manifold
structure *® on V; the number n is then called the dimension of V.

EXAMPLE: If F is a vector space of dimension n, one can verify that the
set of all bases of E (1.4) is an atlas; thus it gives E the structure of a
manifold (of dimension n, as it should be).

In particular R™ itself is a manifold of dimension n; one sees immediately
that its charts are maps from R" to R™ which are differentiable as well
as their inverses. 0O

EXAMPLE: Let S, denote the sphere with center 0 and radius 1 in R+,
One can form an atlas of S, consisting of two charts F, and F_ by
defining, for z € R™:

: 27
HFe(2)] = —— 1=1,2,...,n
@) = o !
1l
"Fy(z e
This atlas gives S, the structure of a manifold of dimension n. O

Let V' and V' be two manifolds of dimension » and »’ respectively, pos-
sessing charts F' and F' respectively. If we define

*(2)= (k)

we obtain a coordinate system ® for the set theoretic product V x V;
varying F' and F’ we obtain an atlas of V x V’. In this way V x V' has a
manifold structure of dimension n + n'; we will say that this is the direct
product manifold.

This can be extended immediately to the product of p manifolds V;;
this yields a manifold whose dimension is the sum of those of the V;.*”

4®0One can give examples of sets V that possess two incompatible atlases; in such a
case, these atlases define two different manifold structures on V (see (5.7)).

“"Note that the manifold R™ (see (1.10)) is the direct product of n manifolds, all
equal to R.
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Open sets

(1.13) DEFINITION: A subset E of a manifold V is open if E is the union of
sets consisting of images of charts.*®

(1.14) One can verify that: any union of open sets is open, the intersection
of two open sets is open, the empty subset of V is open, and V is open
in V.49 a

(1.15) DEFINITION: Let F' be a map from a manifold V to a manifold V. F is

continuous if for each open set £’ C V' there is an open set £ C V such
that °® F~1(E’) = E N dom(F). O

In the special case where V = R® and V' = R", one recovers the usual
definition of continuous functions of real variables.

(1.14) shows that:

(1.16)

F' continuous
dom(F') open

} < [E' open => F'"'(E’) open].

Differentiable maps

(1.17) Let V and V' be two manifolds (of dimension n and n' respectively), and
let A be a map from V to V'. We will say that A is differentiable > if
for every chart F' of V and every chart F’ of V', the map F'™'o Ao F
(which is a map from R™ to R") is differentiable in the sense of (1.5%).

(1.18) EXAMPLE: The charts of a manifold and their inverses are differentiable.
O

(1.19) EXAMPLE: If FE is an open subset of a manifold, then the map 1g is
differentiable. 52 O

EXAMPLE: Let V4, Va,...,V, be manifolds and let us denote by V' their

48This definition is compatible with (1.24) in case £ = R".

49This shows that every manifold is a topological space; see for example Bourbaki
[10].

%0We denote by F~!(E') the inverse image of E' under F, that is, the set of
z € dom(F') such that F(z) € E'.

51This definition is compatible with (1.56) in case V = R™ and V' = R™'.

52We denote by 1g the identity map from E to E: dom(lg) = E and [z € E] =
[1e(z) = z].
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direct product (1.12). The j*! projection, denoted by ’| and defined by

x
| 2z .
(1.20) ’ .=,
"z
is a differentiable map from V onto V;. 0O

(1.21) One can show that every differentiable map is continuous and that its
domain of definition is open.

(1.22) Similarlyif A and B are differentiable maps, then A°B is differentiable.>?

The tangent space

(1.23) THEOREM:

1) If V is a manifold of dimension n and z a point of V, one can define
a vector space of dimension n, called the tangent space to V at z.
We will denote it by D,; its elements are called tangent vectors to V
at z.

2) If A is a differentiable map from V to V' and if z € dom(A), one can
define a linear map, called the tangent map to A at x and denoted
by D(A)(z). D(A)(z) maps the vector space D, to the vector space
D p(z)-

3) If E is an open subset of V with z € E and y € D,, then

D(1g)(z)(y) =y .

4) Let 'V, ?V,...PV be manifolds and let us choose a point 7z in each
7V and a tangent vector 'y in each D;,. If we write

1 1

z y
2, 2y

T = . and y= . ,
”.x p:y

then ' '
D()(z)(y) ="y .>

53We assume of course that B takes its values in the manifold on which A is defined.
54See definition (1.20) of the projection J|.
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5) Let E and E’ be finite dimensional vector spaces and let A be a
differentiable map from E to E’. For z € dom(A) and y € E we have

D(A)(#)(y) = lim = [A(z + sy) — Alz)].

6) If A and B are differentiable maps®® and if € dom(A ° B), then
D(Ae B)(z) = [D(A)(B(2))] - [D(B)(x)]. o

From this theorem the reader can easily deduce the following results.

(1.24) If a map F is constant, that is, Vz,y € V : F(z) = F(y), it is differen-
tiable and D(F)(z) = 0. ]

(1.25) If E is a finite dimensional vector space, the tangent space D, coincides
with E for every x € E. This is true in particular for £ = R".

(1.26) A diffeomorphism from V to V' is an injective map A from V to V' such
that A and A~! are differentiable.®® o
Hence for z € dom(A), D(A)(z) is an injective linear map from D,
onto D4,y and
(1.27) [D(A)(2)] 7" = D(AT)(A(«))

which shows that V and V' have the same dimension.

Let X be a point of a manifold V of dimension n. Then there exists a
chart F' and a point € R" such that F(z) = X.
The operator
(1.28) S = D(F)(z)

is an injective linear map from R™ onto Dx and thus is a basis of the
tangent space Dx in the sense of (1.4).

Writing
1 0 0
1 0
(1.29) 'lz : 7'2: . 7“'7In: : ?
0 0 1
one immediately obtains the following expression for the basis vectors of
Dx
(1.30) S;=5(;) = D(F)()(;)-

55We assume that B takes its values in the manifold on which A is defined.
56Example: the charts of a manifold V' of dimension n are diffeomorphisms from
R"to V.
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(1.31) DEFINITION: V being a manifold, we denote by V' the set of pairs

(g) (zeV,ye€D,),
VP is called the tangent bundle of V. The function which maps the point
<fc> to the point z is called the projection of VP onto V. a

Let A be a differentiable map from a manifold V' to a manifold V’
(Fig. 1.IT). We will denote by AP the map defined by

(1.32) AD ( v ) _ ( D(r‘il)((;))(y) ) v( v ) D

It is clear that AP is a map from VP to V'P. It is sometimes called the
lift of A on account of figure 1.1I.

D

AD

Fig 1.IT

VI

The formula (1.23) allow us to show immediately that
[AeB]P = APoBP
(1.33) [A_I]D = [AD]_I if A is a diffeomorphism
[1z)° = 1m if £ is open in V and E’ its inverse image

under the projection of V? onto V.

In particular, let F' be a chart of a manifold V. In the formula

I ( v ) _ ( D(l*;?)((;)(y) )
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z and y are elements of R™. Thus the pair (i) is an element of R?".

Therefore FP is a coordinate system for VP, It can easily be verified
that the set of all F'P is an atlas (definition (1.6)). Therefore:

(1.34) If V is a manifold of dimension n, VP is a manifold of dimension 2n.
The set of all FP (F being a chart of V) is an atlas of VP. With this
structure, the projection and the maps AP (1.32) are differentiable. O

Thus VP can henceforth be called the manifold of tangent vectors to
V.

Submanifolds

(1.35) THEOREM: Let V and V' be two manifolds of dimension n and n’ re-
spectively (Fig. 1.1II), let A be a differentiable map from V to V', let
be a point of dom(A), and let r be the rank of D(A4)(z).

1) If r = n, there exists an open subset E of V containing z such that
A is injective on E and r = n at every point of F.

2) If r = n’, there exists an open subset E’ of V' containing A(z) such
that £’ C im(A).%" -

3) If r =n = n’, there exists an open set E containing z such that the
restriction A’ of A to E is a diffeomorphism. O

1)

Fig 1.I1T

2)

57im(A) is called a neighborhood of A(z); as the image under A of an open subset
of V is open in V', A is called an open map.
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(1.36) DEFINITION: Let V and V' be two manifolds. Aninjective immersiont of
V to V' is a map A from V to V' such that A is differentiable, injective,
and for all z € dom(A), D(A)(z) is injective. o

The following results can be established immediately.

(1.37) A manifold V (of dimension n) is said to be a submanifold of a man-
ifold V' (of dimension n’') if the charts of V' are injective immersions of
R into V' (Fig. 1.IV); in particular V is a subset of V'.! At any point
z of V the tangent space to V is a vector subspace of dimension n of the

tangent space to V', and thus n < n'. m}
R" v’
Fig 1.IV
(1.38) Let V and V' be two manifolds of dimensions n and n’ respectively.

If A is an injective immersion of V into V', the set V" = im(A) admits
the structure of a submanifold of V', characterized by the fact that A is

a diffeomorphism from V to V". The charts of V" are the A o F', where
Fis a chart of V (Fig. 1.V). a

Fig 1.V N T

(1.39) EXAMPLE: Let V' be a manifold. It follows from (1.35.2) that any
submanifold V' of V' with the same dimension as V' is open in V'.

TEditors’ note: A map A is called an “immersion” without the adjective “injective”
if A is differentiable and for all z € dom(A4), D(A)(z) is injective.

2 tEditors’ note: This notion of submanifold, though not uncommon, is not the
standard definition of a submanifold. Here the canonical injection i : V — V'’ is an
injective immersion. The standard definition requires in addition that the topology
of V' coincides with the topology induced by V', that is, i : V — V’ is an embedding.



(1.40)

Fig 1.VI

(1.40)
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Conversely, if V' is an open subset of V', 1y is obviously an injective
immersion of V into V', and thus its image V' is a manifold of dimension
equal to that of V'. One can verify immediately that the charts of V are
those charts of V' whose images are contained in V. O

Thus from now on we can consider any nonempty open subset of a
manifold as a manifold of the same dimension.

Manifolds defined by an equation
THEOREM: Let V and V' be manifolds of dimension n and n’ respectively

with n’ < n. Let A be a differentiable map from V to V', let yo be a
point in V', and let V; be the set of points € V satisfying the equation

Az) = yo (Fig. 1.VI).
It
rank(D(A)(z)) = n’ Yz € Vo,
then 1, admits a unique structure of a submanifold of V °® of dimension
n—mn'. o
Vv v’
m ________ A
Vo Yo

It is clear that the charts of Vj are the injective immersions F' of R*™
into V satisfying

A(F(€)) = yo Vé € dom(F).

Theorem (1.40) shows that these charts form an atlas. Taking the deriva-
tive of the above equation, the reader can ascertain that

THEOREM (continued): The tangent space to Vg at x is the kernel of
D(A)(z). O

58See also (5.12).



(1.41)

(1.42)

(1.43)

Fig 1.VII
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EXAMPLE: Let us take V = R*, V' = R, A(z) = ||z|*, and yo = 1.
Then Vp is the sphere S,_,. We have already shown that S,_; is an
n — 1 dimensional manifold and we have given an atlas consisting of
two charts (1.11). It is easy to verify that these charts are injective
immersions, and to construct the tangent space to S,_; at a point z. OJ

Covering spaces

DEFINITION: Let V be a manifold; a triple (W, G, P) is called a covering
space of V provided that

a) W is a manifold of the same dimension as V;
b) G is a group of permutations of W such that

l9€G,g(z)=2] = [g9=1w];

c) P is a differentiable map from W onto V such that D(P)(z) is injec-
tive for any z € W and

[P(z) = P(y)] <= [HgeG,y=yg(z)]. o

Under these conditions the reader can easily verify that

a) Any point z of W belongs to an open set E whose images under the
elements of G are pairwise disjoint (Fig. 1.VII and 1.VIII);
b) The elements of G are diffeomorphisms. m

g'(

9(2);

i

L
&=

I

P(z)



Fig 1.VIII

(1.44)

(1.45)

(1.46)

14 Differential Geometry

Quotient manifolds

Conversely, let W be a set and G a group of permutations of W. Let
us recall that the orbit of z € W under G is the subset P(z) of W such
that

[y € P(z)] <= [FgeG:y=g(z)],

and thus [y € P(z)] < [P(y) = P(z)]. The set im(P), denoted by
W/G, is called the quotient of W by the group G.

If W is a manifold of dimension n and if G satisfies the conditions (1.43)
above,* it can be shown that the quotient W/G can be given the struc-
ture of a manifold of dimension n in such a way that (W,G,P) is a
covering space of W/G. The injective maps of the form P o F, with F' a
chart of W, form an atlas of the quotient manifold W/G.

Connectedness

DEFINITION: Let V be a manifold of dimension n; a subset £ of V
will be called a cell if there is a chart F' such that dom(F) = R™ and
im(F) = E.

It follows that each cell is open.

%90ne says that G is a discrete group of diffeomorphisms.



(1.47)

(1.48)

(1.49)

(1.50)

(1.51)

(1.52)

Fig 1.IX
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EXAMPLE: One can easily verify that a nonempty ball in R™ is a cell.
It follows that every point of a manifold V is contained in a cell in V.

DEFINITION: Let F be an open subset of a manifold V'; one says that
E is connected if one cannot decompose E as the disjoint union of two
nonempty open sets.®°

EXAMPLE: It can be shown that any cell is connected.

One can easily deduce from this that every manifold V' decomposes as a
union of pairwise disjoint connected open sets called components. This
decomposition is unique: the component containing a point z is the
unton of all connected open sets containing . It follows that a manifold
is connected if it has a single component. O

One can show that every direct product of connected manifolds is con-
nected.

If A is a continuous map from a connected manifold V' to a manifold V”,
then im(A) is contained in a single component of V.

One can also show that two points  and y belong to the same component
if there exists a path in V which joins z to y, that is, if there exists a
continuous map F from the interval [0,1] to V such that F(0) = z
and F(1) = y. The path im(F') is then completely contained in this
component.

° o
Syo~r
v

600ne says that E is the disjoint union of two sets E; and E, if E = E; U E5 and
El n Eg = 0
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Homotopy

(1.53) A connected manifold U is called simply connected if for any continuous
map F from U to a manifold V and for any covering space (W, G, P) of
V', F can be factored as
F=PoF~

for some continuous map F* from U to W (Fig. 1.X). a

Fig 1.X :\ QL_/

-~

(1.54) EXAMPLES: It can be shown that R is simply connected, that a direct
product of simply connected manifolds is simply connected, and that
the image im(A) of a simply connected manifold dom(A) by a diffeo-
morphism A is simply connected. It follows that each cell is simply
connected. The sphere S, too is simply connected for n > 2, although
it is not a cell. O

(1.55) A covering space (W, G, P) of a manifold V is said to be universal
if W is simply connected. One can show that every connected manifold
possesses a universal covering space. a

(1.56) Let (W,G,P) be a universal covering space of a manifold V' and let
(W',G', P") be another covering space of V' such that W' is connected
(Fig. 1.XI).
One thus can factor P as P’ o P*. One can easily verify that G
possesses a subgroup G* such that (W, G*, P*) is a covering space of W',
that G* is a normal subgroup of G, and that the group G’ is isomorphic
to the quotient G/G*. We thus see that a universal covering space can
be considered as a mazimal connected covering space.

(1.57) If (W',G’, P') is also a universal covering space, it follows that P* is
injective and that the groups G and G’ are isomorphic. The group G is
thus defined, up to isomorphism, by V. It is called the first homotopy
group®!

61 Alternatively the fundamental group or the Poincaré group of the connected
manifold V.



(1.58)

(1.59)

(1.60)

Fig 1.XI
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EXAMPLE: A simply connected manifold is a manifold whose homotopy
group contains only the identity element. O

EXAMPLE: Let G be the group (isomorphic to the additive group Z of
all integers) consisting of the transformations gi of R defined by gx(¢) =

¢ +2kx Vo € R, Vk € Z. If we define P() = (“’59’), then (R, G. P)

sin @
is a universal covering space of the circle Sy (notation (1.11)); the first
homotopy group of Sy thus equals Z. O
If (W;,G;, P;) is a covering space of the manifold V; (7 = 1,2,...,p), one

immediately obtains a product covering space (W x --- x Wy, Gy x - -+ X
Gy, P) of the direct product V4 x --- x V,. If the given covering spaces
are universal, then so is the direct product covering space. Therefore the
homotopy group of a direct product is the direct product of the homotopy
groups.

w
;o
py 1F
1 ll
!
W/ 1 LY
R
\ \
7
\\ ,VP
‘o



§2. Derivations

Variables

Let us start by elucidating the more or less classical notion of a variable
which we will use throughout the rest of this book.

(2.1) To define a system of variables, one starts by choosing a set E. Next,
one calls variable any graphic symbol — for example, the letter y — to
which one associates a map; we will refer to this map by writing the
word “value” to the left of this symbol (for example, value y). This map
is supposed to be defined on a subset of FE, say E’. For a € E’, we thus
have defined the object [valuey](a), called the value of the variable y at
the point a.

(2.2) In particular, an independent variable is a variable, say x, to which one
associates the identity map of E:

[valuez](a) = a Va € E .52

We will use the notation
(2.3) y=z

to say that the maps [valuey] and [value z] are equal, that is,
[value y](a) = [value z](a)
for every a for which one of the members of this equality exists.

We will admit that an algebraic expression F' containing variables y, z, . . .
defines a new variable by the rule

(2.4) [value F(y,z,...)](a) = F([valuey](a), [valuez](a),...) Vae E.

As a particular instance of this rule, let us note the case of an algebraic
expression not containing any variables. We then have

(2.5) [value F](a) = F Va,

and we will say that the variable F' thus defined is constant.

52The object [valuey](a) can therefore be called “the value of y when the value of
zisa”.
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(2.6) Another important special case is the one where the algebraic expression
F' can assume one of the two values “true” or “false”. If one replaces
certain objects in the algebraic expression F' by variables, then, according
to the rule (2.4), one obtains a new variable called a boolean variable.
Boolean variables are also called propositions.

EXAMPLE: If z and y are two boolean variables, the expression ¢ = y is
a proposition. This should not be confused with the expression = = y.

(2.7 A variable z is called a function of a variable y if there exists a map
F such that

z = F(y) (in the sense of (2.4)),
which can also be written as
[value z](a) = F([valuey](a)) Ve € E,

or as
[value z] = F o [valuey].

It is clear that the map F' is unique if one requires that its domain of
definition be included in the set of values of y. One often denotes F' as

(2.8) Yz,

so that the map [valuey] can also be denoted as z + y, = being the
independent variable.

Vector fields and derivations

(2.9) Let V be a manifold. A vector field on V is a map f defined on a subset
E of V such that, for each a € E, f(a) is a tangent vector to V at a:

[a € dom(f)] = [f(a) € D,]. o

To define a derivation 6, one chooses a manifold V, a vector field
fon V, and a variable  which ranges over V (meaning that V is the
image of z %®). To each variable y such that the map z — y exists and
is differentiable, one associates the new variable

(2.10) by = D(z — y)(z)(f(z)).

63y = im([value z]).
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(2.11) EXAMPLE: If y is constant, we have dy = 0. Substituting y = z into

(2.10), we find bz = f(z). |
(2.12) It follows that we can write any vector field in the form z +— éz for
some derivation 6. O

Applying formula (1.23.6), one can see that

(2.13) S[F(y)] = D(F)(y)(éy),

provided F' is differentiable on the manifold where y takes its values.
This formula applies to any derivation §; it presupposes that F is a
given differentiable function and not a variable.

If z = F(y) we will write
(2.14)

in the form

0z

~—

and thus we can write (2.13

2.15 0z = —(dy),
(2.15) 2= 5,009
provided y — z is differentiable. Notice that formulee (1.23.6) and (1.27)
show that
' dz ~ Oy Oz
if  — y and y — z are differentiable, and that
oy [092]7"
o) o (o
if y — 2z is a diffeomorphism.
Let = be a variable whose values lie in a direct product of manifolds.
Writing the projections 7| explicitly (see (1.20)):
(2.18) Ig =9|(x),
and using (1.23.4), one can see that
1z 6z
(2.19) ol | = :
Py 6Px

64Recall that D(F)(y) is a linear map from the vector space Dy to the vector space
D,.
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for any derivation 6. The tangent space to a direct product manifold is
the direct product of the tangent spaces.

If y — « is a differentiable map with values in a direct product,
formula (2.19) can be written in matrix form as

1 81z
al "’ o
(2.20) — : = :
9y Py o Pz
dy

In case of a differentiable map = — y defined on a direct product, by
(which depends linearly on éz) can be written as

— 6y 1 ay P
(2.21) 6y_81$(5 :v)-}-'w—i—apaj(& z),

a form often called a “total differential”. The 3%% defined by this formula
are the partial derivatives. In matrix form this formula can be written

* 0 0 0
(2.22) d9g_19% ... 9|
Oz 0['z] orx]
The above can be applied to z € R™, from which one recovers the classical
notion of partial derivative. In this particular case, it is convenient to
define the derivations 0; by

(2.23) Oz =|; (notation (1.29)).

—_——) One thus can write 0;y instead of a—?j’?]. With this notation one can

make use of the properties of derivations. In the case where z — X is
a chart of a manifold, the associated basis S (1.28) is given by S = %2:—.
Hence the basis vectors are

(2.24) S;=58(;) = %(8]‘ z)=0; X.

If z — y is a differentiable map from a direct product to a direct product,
the preceding results allow us to write

oly ., 2ly
6y 81z 3 Pz
Oz a7y 5%
o1z ' Brx

For z € R? and y € R”' the entries of this matrix (2.25) are real numbers,
which can be written as

IOy 9| 9y
6IL'k_ Bw
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Derivations of linear operators
Let £ and E’ be two finite dimensional vector spaces. Let = be a variable

that ranges over E and A a variable that ranges over the vector space of
all linear maps from E to E’. One can verify immediately that the map

(£)-e

(2.26) 5[A(z)] = [6A4](z) + A(62),

is differentiable and that

which reduces to §[A(z)] = A(éz) if A is constant.

Let us now assume that A is bilinear (and a variable). One finds
S[A(@)(y)] = 6[A()](y) + A()(6y)

[[6A](=) + A(62)](y) + A()(éy)
[841(z)(y) + A(62)(y) + A()(8y) ,

and more generally for a p-linear operator

S[A(z1)(x) ... (z,)] = [6A)(z1)...(xp) +
(2.27) +A(B21)(x2) . (2p) + -+ Al@1) ... (2p-1)(62,) .

This formula has many applications, such as
(2.28) 0[A-B]=6A-B+ A-6B,

where A and B are variable linear operators. If A is a variable injective
linear map from a vector space to a vector space of the same dimension,
one can deduce from (2.27) the formulee

S[det(A)]

qei(h) = Tr(A™! - §A)

(2.29)

and

(2.30) S[A) = —A1 .64 AT,



Derivations 23
The image of a vector field

(2.31) Let f be a vector field on a manifold V. The graph T of the field is by
definition the set of pairs (fgf)) and thus I is a subset of the tangent

bundle of V, denoted by VP (see (1.31) and (1.34)). As this graph has
at most one point in VP over each point x of V, one says that T is a
section of V.

Fig 2.1

Let us now assume that A is a differentiable map from V to a manifold
V*, and let us denote by I'* the image of the graph I' by the map AP.
If A is injective, one can see immediately that I'* is also a section, and
thus is the graph of a field f* on V*; we will say that f* is the image'
under A of the field f and we shall write

(2.32) fr=A01

Taking the image of f under another differentiable injective map B, one
can verify immediately that

(2.33) [A° Bl (f) = A(B+ () -

Replacing A by the inverse of a diffeomorphism B (from V* to V),
(2.34) we define the inverse image B_(f) of a field f by a diffeomorphism B
as being [B7']4(f). We have the following formulee

(2.35) 4 B]_(f) = B_(A_(f))
and
(2.36) By(B_(f))=f if dom(f) C dom(B™!).

(2.37) To compute A4(f) in practice, it is important to note that the image
of a vector field z — éz under an injective map = — z* is the vector
field z* — bz*. m

TEditors’ note: Also called the push forward of the vector field f by the map A.
TEditors’ note: Also denoted as A.(f).




(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)
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This is simpler than the formulation directly in terms of vector fields,
which is written as

AL (f)(@") = D(A)(A™(2")) f(AT(27)) .

If V is a vector space, every vector field f is a map from V to V, and
thus we know how to determine whether f is continuous or differentiable.
Unfortunately, this is no longer possible in the general case of a manifold
because the tangent vector space D, to which f(z) belongs varies with
z. One gets out of trouble by adopting the convention that

a vector field f is continuous (differentiable) if the map

()

is continuous (differentiable). i

Indeed, the above map takes V into VP, which are manifolds (see
(1.34)), and thus one can apply definitions (1.15) and (1.17).

One can verify immediately that a differentiable vector field is defined
on an open set and that its image (or its inverse image) under a diffeo-
morphism is differentiable.6®

To verify that a vector field is differentiable (continuous), it is sufficient
to verify that its inverse images under the charts of an atlas are differ-
entiable (continuous).

Let f and f* be two vector fields defined on manifolds of the same
dimension V' and V*, respectively. One can ask whether these vector
fields are equivalent, that is, whether there exists a diffeomorphism A
such that f* = A(f). A similar problem is to know whether f and
f* are locally equivalent at a pair of points (zo, ), that is, whether
there exists a diffeomorphism A such that A(zo) = z§ and such that f*
coincides with A4(f) in an open set containing z.

Partial answers to these problems are given by the following theorems.

THEOREM: Let f be a nonzero constant vector field on R"™. In order that
f be locally equivalent to a differentiable vector field f* on a manifold
of dimension n at a pair of points (2o, z§), it is necessary and sufficient

that f*(z3) # 0.

65Its image under a differentiable map that is not a diffeomorphism need not be
differentiable nor need it be defined on an open set.




(2.44)

(2.45)

(2.46)

(2.47)

(2.48)
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THEOREM: Let F be a finite dimensional vector space and let f be a
differentiable vector field on E. In order that f be locally equivalent to
the field « — 2 on E at the pair (0,0), it is necessary and sufficient that

{f(0)=07
D(f)(0) =1g. o

Lie brackets

THEOREM: Let x — 6z and z — 'z be two differentiable vector fields
on an open set E of a manifold V. Then there exists a derivation called
the Lie bracket of § and §' denoted by [8, §'];%6 [6, 6']y is defined whenever
the map  +— y is differentiable. If y takes values in a fized vector space,’”
one has

& 6,6y = 6[6"y] — &'[6y]. a

If F'[¢ — ] is a chart of V, one deduces immediately from ¢ the formula

(6,8 = g—z(&?ﬁ — §'6¢) if z € im(F).
This allows us to compute the Lie bracket; it also shows that z — [, §']z
is again a differentiable vector field on E. We will denote it by [f, g] if f
and g denote the vector fields z — éz and = — &'z respectively.

The differentiable vector fields on E obviously form a vector space. One
can ascertain that the Lie bracket is bilinear, antisymmetric, and satisfies
the Jacobi identity

[f,1g, R]] + 9, [hvf]] + [h,[f,g]]= 0.

Let A be a diffeomorphism from E onto an open subset E* of a manifold
V* and let us write * = A(z). The vector fields z* +— éz*, z* +— §'z*,
and z* > [6, 8']z* are the images under A of the vector fields f, g, and
[f, g] respectively, whence

[A+(f), A+(9)] = AL([f, 9]) -

66We will sometimes write [6, 6], .
S7If y varies over a manifold then 66’y and 6’6y need not exzist; however, the left
hand side of ¢ exists nonetheless.
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(2.49) One says that two derivations § and §' commute if their Lie bracket is
zero; one then has §[6§'y] = §[6y] for every variable y which takes its
values in a fixed vector space. This is the case in particular for the
derivations 0; defined in (2.23), taken pairwise, because

[6,',6k]:c531|k—8k| =0.

j
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§3. Differential equations

The exponential of a vector field

THEOREM: Let V be a Hausdorff manifold.%® Then there exists a map,

called exp, which associates to every vector field f on V a map ® exp(f)
from V to itself such that, Vf:

) (i) — exp(tf)(z) is a differentiable map from R x V to V;7

b) [62'= 0] = dlexp(tf)(2)] = flexp(tf)(x)) 6t

) exp(Of) = 1vd].om(f);

) exp(—f) = [exp(f)]™";

) exp(tf)oexp(t'f) =exp([t +¢']f) if tt' > 0. i

From this it is easy to deduce the following result.

[

[¢]

o

[©)

THEOREM: Let f be a differentiable vector field on a Hausdorff manifold.
Let zo be a point of dom(f) and ¢p a real number. If we define

% O(t) = exp([t — to]f)(20) ,
the map ® has the following properties:

® is defined on an open interval;
Q ®(to) = wo;

x = ®(t) satisfies the differential equation %::— = f(z).

Conversely, each map ® satisfying © satisfies ¢ for all ¢ € dom(®). o

One can see that this theorem allows us to compute the map exp. For

exp(f)(z) to exist, it is necessary and sufficient that there exists a so-

lution @ of the differential equation %2 = f(z), defined on an interval

%80One says that a manifold is Hausdorff if for every pair (z,y) of distinct points
of V there exists an open set containing z and an open set containing y whose
intersection is empty. Examples: R™, a sphere. Later on we will encounter examples
of non-Hausdorff manifolds (5.18).

69Possibly empty.

7°One denotes by tf the product of the number ¢ and the vector field f, defined by
[tfl(z) = t[f(z)]. In particular, Of is the vector field which is identically zero on the
domain of definition of f.

"One can write as well Z[exp(tf)(z)] = f(exp(tf)(z)), where the left hand side
is a partial derivative.
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Fig 3.1

28 Differential geometry

containing [0,1], and such that ®(0) = x. This solution is unique and
one has

exp(f)(z) = &(1).
As a result, theorem (3.1) can be taken as a definition of exp.

ExXAMPLE: If E is a finite dimensional vector space, the identity map 1g
can be considered as a differentiable vector field on E; upon integrating

the differential equation % = z one finds that

exp(tlg) = €' 1g,

which explains the notation exp. 0

EXAMPLE: More generally, if A is a linear map from FE to itself, one can
verify that exp(A) is again a linear map from E to itself (see (6.17)). O

The image of a differential equation

Let A be a diffeomorphism from V to a manifold V*. If z satisfies the
differential equation % = f(z), it follows that 2* = A(z) satisfies &=
f*(z*) with f*~ = A(f) (notation (2.32)). However, the map ¢ — z*
need not necessarily be defined on an interval unless dom(f) C dom(A)

(fig. 3.I1). From this one deduces the formulee

Acexp(f)e A™' is an extension of exp(A4(f))
Acexp(f)e A™' = exp(A4(f)) if dom(f) C dom(A).

dom(f)
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The derivative of the exponential map

Let f and g be two differentiable vector fields and let us assume that
dom(f) C dom(g). Let (;) be a variable ranging over the whole of

R x V. Finally let us define z = exp(—tf)(y), 6’(t) = (g(oy))’ and

()= (1) y

The definition of the image of a vector field by a diffeomorphism
shows that ¢’z = [exp(—tf)],(¢)(z). Applying the derivation é to y =
exp(tf)(z) we find that éz = 0.

0

On the other hand, we find that [, §'] (;) = ([f q] (y))’ whence

[8,6"le = [exp(=tf)],.([f,9])(=) .-

In the case where V is a vector space, we have [6, 8]z = 6[8'z] - é'[6z] =
6 &' z; evaluation yields the formula ™

2 {lexp(—tL (9)(@)} = lexp(~N], (1], )2

In the case of an arbitrary manifold V, note that [exp(—¢f)],.(g)(z) varies
over the constant vector space D,, provided we vary only ¢ and keep z
fixed. It follows that one can compute the derivative written on the left
hand side of (3.7); one can show that the formula remains valid.™

Let us now assume that the Lie bracket [f, g] is identically zero. One can
check that exp(—tf),(g)() is defined if exp(¢f)(z) exists and thus in
particular when ¢ varies over an interval containing 0 (see (3.2)). Since
its derivative with respect to t is zero, it equals its value at ¢ = 0, whence
the formula

lexp(—t /)], (9)(z) = (),
provided that the left hand side exists, dom(f) C dom(g), and [f, g] = 0.

Let us note that this formula can also be written as

g(exp(tf))(z) = D(exp(tf))(z)(g(=)) (f,9]=0),

which allows us to compute D(exp(¢f))(z).

72% denotes here the derivative with respect to ¢, z being held constant.

73After choosing a chart for V in a neighborhood of z and applying the formulee
(2.48) and (3.6).
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(3.10) THEOREM:™ Let fi,..., f, be differentiable vector fields on an open
subset £ of a manifold V' for which the Lie brackets taken pairwise are
zero, and let ¢ be a point of E. Then there exist positive numbers

a1,...,a, such that

exp('t fi + - + Pt f,)(x)
exists if
¢ 't < ar,..., [Pt < a,.

Under these conditions one has
O exp(Mt it 4 Ptfp)() = [exp(t i) o cexp(Pt f)l(x). O

It is immediate that one can arbitrarily permute the factors exp(*t fi),
..., exp(?t f,) on the right hand side without changing the result.”

"4This result can be established by using (3.8) and (3.6).
"5Nevertheless there are cases where these maps do not commute; one has to pay
attention to the conditions of the theorem.
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(4.5)

§4. Differential forms

Covariant fields

Let E be a vector space; a covariant operator of degree p on F is a map
¢ such that 7®

o(y1)(y2) .- (vp) ER (YY1, 92, .- yp € E].

In the case p = 1, ¢ is simply a map from E to R; by convention covariant
operators of degree 0 are real numbers. O

If ¢ is a covariant operator of degree p (p > 1) and y € E, it is clear
(due to the convention on the implicit brackets) that ¢(y) is a covariant
operator of degree p — 1; it is called the contraction of ¢ and y. o

Let x be a variable which ranges over a manifold V; we will say that a
map z — ¢ defined on a subset of V is a covariant field (of degree p) if
@ is a covariant operator of degree p on the tangent space D,.”" O

It is clear that a covariant field of degree 0, also called a scalar field, is
a map from V to R.

The inverse image of a covariant field

Let f* be a covariant field of degree p on a manifold V* and let A be a
differentiable map from a manifold V to V*. Let us define

A_(f)@)(y1) - - (yp) = [*(A(2)) (D(A)(z)(y1)) - - - (D(A)(2)(yp)) ,
Vz eV, Yy, ..y, € Dy

It is clear that A_(f*) is a covariant field of degree p on V; it is called
the inverse image! of the field f* by A.

SIn this notation there are implicit brackets [...[[¢(y1)](¥2)] .- ](yp) starting at
the left.

""One also says that ¢ is a differential form; we shall reserve this name for the
particular case (4.26).

tEditors’ note: Or pull back.
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If we introduce variables z*, ¢*, ¢, and derivations ¢; such that z* =
A(z), ¢* = f*(z*), ¢ = A_(f*)(2), and é; = = y;, we see that the inverse
image of the covariant field 2* + ¢* by the map z — z* is the covariant
field & +— ¢ defined by

(4.6) p(br1z)...(6pz) =@ (612%)...(6p2").

Formula (4.6), which is a simple transcription of (4.5), is easier to re-

member.

Fig 4.1

For p = 0 these formule obviously reduce to

(4.7) A(f)=T[-A, P =op.

Composing two differentiable maps A and B, one immediately finds the
formula (the analog of (2.35))

(4.8) [A°B]_(f) = B-(A-(f)),
valid this time for a covariant field f.

Definition (4.5) or (4.6) of the inverse image of f by A does not assume
that A is a diffeomorphism or even that the manifolds V and V* have

the same dimension.
If Ais a diffeomorphism we can define
(4.9) A(f) = [AT();5

A, (f) is called the direct image of a covariant field! of the covariant field
f by A. Evidently we have

(4.10) [A° B],(f) = A+(B4+(f)),
provided, of course, that A and B are diffeomorphisms; we also have
(4.11) Bi(B-(f) =1,

tEditors’ note: or push forward
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(4.16)
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provided that dom(f) € dom(B™') (see (2.33) to (2.36)).

If 2 — bz is a vector field, its direct image by a diffeomorphism z — z*
is the field «* +— 6z* (2.37). If 2* — ¢* is a covariant field of degree
p (p > 1), formula (4.6) shows that the inverse image of the contracted
field a* — *(6z*) is the contracted field x — p(éz).

A field g of covariant operators of degree p defined on a vector space £
will be called differentiable if the map (from EP*! to R)

z
T @) )

Yp
is differentiable. If ¢ is defined on a manifold V, g will be called differen-

tiable if its inverse images by the charts of V are differentiable. In such
a case g should be defined on an open subset of V.

One can verify that the inverse image of a differentiable field by a differ-
entiable map is again a differentiable field.

The Lie derivative

THEOREM: Let f and g be differentiable fields of vectors and covariant
operators of degree p, respectively, defined on an open set E. Then there
exists a field of covariant operators of degree p defined on E called the Lie
derivative of the field g by (in the direction of) the field f and denoted
by [f, g], such that

9]
57 (xP(Lf)_(9)(@)(b12) ... (8 2)] = exp(tf)_([f, 9])(2) (b1 2) .. (8 2) -
[m|
As in (3.7), the notation % on the left hand side means that the deriva-
tive is taken with respect to ¢ while the variables z, é;z, ..., 8,z are
held constant. The notation [f, g], reminiscent of the Lie bracket, is jus-

tified by the analogy between (3.7) and (4.15). We will use concurrently
another notation:

if f(z)=6éz and g(z) =, we will write
6LLP = [f7 g](l‘) .



34 Differential geometry

For a single field « — ¢ we are thus able to define several Lie derivatives
O, 01, etc., where  — bz, z — &'z etc., are differentiable vector

fields.
If we apply the notation of (4.16) to the vector field §'z = ¢, we are lead
to write

(4.17) 818’z = (6,8 x,

and thus the Lie bracket (2.45) can be interpreted as a Lie derivative.

In case p = 0, that is, if z — ¢ is a scalar field, one finds immediately
that

for every derivation ¢ for which the left hand side exists.

Covariant tensor fields

(4.19) A covariant operator ¢ of degree p defined on a vector space E is called
a covariant tensor if ¢(y1)...(yp) depends in a linear way on each of the
vectors y1, ...,y (one also says that ¢ is a multilinear operator).

If S is a basis of E, the numbers

(4.20) @ikm = P(S5)(Sk) -+ (Sm)

are called the components of the tensor ¢ with respect to the basis S.
The components of a tensor define it completely; indeed, multilinearity
implies that

(4.21) P)() - (1) = ity F2 T,

where the numbers 7y,*z,...,™u are the components of the vectors
Y,2,...,u with respect to the basis S (y = 2°; S; Ty, oo u =, S ™).
In (4.21) we have used the Einstein summation convention, according to
which the summation Xk ., is understood on the right hand side be-
cause the indices 7, k,..., m are each written twice (once as a subscript
and once as a superscript).

If 2 — X is a chart of a manifold V and X — ¢ is a field of covariant
tensors (of degree p), one usually denotes by ¢;k..» the components of
the tensor ¢ with respect to the basis § = ZX. As in (2.23) we write

djz =|;, whence 0;X = S;. Thus we have

(4.22) Givom = (0 X)(06X) ... (OuX) .
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(4.25)

(4.26)

a—a

(4.27)

(4.28)

(4.29)
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Let = +— ¢ be a tensor field of degree p (p > 1) and z — bz a vector field.
It is clear that by contraction one obtains a tensor field of degree p — 1
given by = — ¢(éz). If z — ¢ and & — éx are differentiable, then the
contracted field is also differentiable. One can establish the important
formula

ozlp(82)] = [61)(67) + ¢(6,62) ,

where x — &'z denotes another differentiable vector field. By iteration
one can deduce the formula

Flp(6io) . (60)] = [619)(612) . (6,0)
+@(81.612) ... (6p)
+ ..
+ol612) - (682

which is easy to remember because of its analogy with (2.27). On the
left hand side we were able to get rid of the subscript L because of (4.18).
This formula can be used to compute the Lie derivative 674 by isolating
it from the right hand side of the equation.

p-Forms

Let us now assume that a covariant tensor ¢ of order p is antisymmetric,
that is, @(612)(622) . . . (6p2) changes sign each time one interchanges two
of the vectors 8z, 63z, ..., 6,2.7®

In such a case we will say that ¢ is an eaterior form of degree p —
in short a p-form.

One can recognize that a tensor ¢ is antisymmetric by the fact that its
components @ji.. . change sign when one interchanges the values of two
of its indices 7,k,...,m; hence a component is zero whenever two of
these indices are equal.

A 1-form will be any covariant tensor of degree 1 (also called a covector)
and a 0-form will be any scalar (see (4.4)). Indeed for p = 0 or 1, the
antisymmetry condition loses its meaning,.

If pisa p-form (p > 1) and éz a vector, it is obvious that the contracted
tensor p(éz) is a [p — 1]-form, also called the interior product of ¢ and
bz.

"8Because of multilinearity, it is the same as assuming that ¢(8;z)...(6pz) is zero
as soon as two of these vectors are equal.
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(4.30) One can show that the p-forms on a vector space E of dimension n

. . . . . . n
form a vector space whose dimension is the binomial coefficient (p) =

|
n!
——————'(n I and that there is no nonzero p-form for p > n. The forms of
p-\n—p).
degree n, also called forms of maximum degree, form a vector space of

dimension 1. Hence, by choosing a nonzero one among them, which we
denote by vol, all other forms of degree n are proportional to it.

(4.31) One can show that vol is injective and yields all the [n — 1]-forms by
contraction: if # is an [n — 1]-form, there exists a vector éz such that
0 = vol(éz); one might write 6z = vol™'(6).

The exterior derivative

(4.32) THEOREM: Let x — ¢ be a differentiable field of p-forms on an open set
E. Then there exists a differentiable field of [p+ 1]-forms on E, denoted
by z +— d¢, such that

[de] (62)(612) ... (6,2) = 6[p(6:12)(622) ... (6,2)]
— b1 [p(82)(827) .. . (&p2)]
= b2[p(612)(62) . .. (8p)]

— b lp(612) ... (6,17)(62)],

provided the derivations §,6y,...,6, commute pairwise (2.49). The
[p + 1]-form d¢ is called the eaterior derivative of ¢. o

For p = 0 (that is, the form ¢ is a scalar) the above definition can simply
be written as

(4.33) [de] (62) = b or dp = e

Using a chart and the associated derivations 9;, which commute pairwise
(see (4.22)), formula (4.32) gives

(4.34) (9] i, m = OiPkt.m — OkPit.m — Opkjm — =+ — OmPke..j

which yields the components of dp. From this it follows that theorem
(4.32) is a definition of dep, since it permits us to compute the exterior
derivative of ¢ (see (4.21)).
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For p =0,1,2 formula (4.34) reads

[de]; = 9;
[del;e = Oior — Orep;
[de] i, 05kt + Okpr + Opjn -

THEOREM: Let z — ¢ be the inverse image! of a differentiable field of
p-forms z* — ¢* by a differentiable map A[z +— z*]. Then z — ¢ is a
differentiable field of p-forms and the field  — d¢ is the inverse image
under A of z* — dp*.™ |

In short, one says that the operations of “exterior derivative” and “in-
verse image” commute.

POINCARE’S LEMMA: If z +— ¢ is a differentiable field of p-forms, then
d[de] = 0. Conversely, if z — 0 is a differentiable field of [p + 1]-forms
defined on a cell®® and if df = 0, then there exists a differentiable field
z +— ¢ of p-forms on this cell such that 6 = dep. O

One can add to Poincaré’s lemma the following easily verified result.

If a scalar field  — ¢ is defined on a connected open set and if dp = 0,
then there exists a constant a such that ¢ = a. O

CARTAN’S THEOREM: If z — ¢ is a differentiable field of p-forms (p > 1)
and if = — &z is a differentiable vector field, then 3!

érp = [de] (8z) + d [p(62)] . =

Combining Poincaré’s lemma and Cartan’s theorem, one can verify im-
mediately that

6 [dyp] = d[6¢] (¢ a p-form, p > 0),

which can also be deduced from theorem (4.36) and the definition of é7¢.

tEditors’ note: also called the pull back.

™0f course, dp* denotes the exterior derivative of o* with respect to z*, defined
by putting a star * on all the letters z and ¢ in formula (4.32).

80For p = 0 one can replace this condition by the condition that dom(8) is simply
connected. It is even sufficient that the homotopy group of dom(6) be equal to its
derived group, that is, the homotopy group has no abelian quotient.

81For p = 0, formulee (4.18) and (4.33) show that it is necessary to suppress the
last term, which does not make sense.
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§5. Foliated manifolds

Foliations

Let V be a manifold of dimension n and z a variable ranging over V. Let
z — E be a map such that E is a vector subspace of constant dimension
m of the tangent space D, (in short, we will say that z — FE is a field of
vector spaces of dimension m).

We will say that a field of vector spaces is differentiable if one can
cover its domain of definition by open sets on which E = im(T'), where
x — T is a differentiable field of bases of E.5?

One can then prove the following theorems.

THEOREM: If z — ¢ is a differentiable tensor field of degree p and if
the kernel ker(¢) # has constant dimension, then the field z — ker(¢p) is
differentiable. o

THEOREM: If x — FE; and = — F, are differentiable fields of vector
spaces and if the dimension of F; N E, is constant, then the fields z —
EiNE, and 2 — E; + E, are differentiable.? O

DEFINITION: Let z — E be a differentiable field of vector spaces defined
on a manifold V. An integral manifold of this field is a manifold ® such
that:

o a) ® is submanifold of V.8
b) At each point z of ® the tangent space to ® is E.

The field 2 — E is called a foliation % of V if each point of V belongs
to an integral manifold.

820ne can write 7 = [T1T3 ...T]; the field £ — T is said to be differentiable if
the vector fields ¢ — T3, ...,z — T, are differentiable.

83The kernel of ¢ is by definition the vector space of those §z such that ¢(6z) =0
(notation (4.29)).

84The sum E1+E> is a vector space of dimension dim(E; )+dim(E;)—dim(E1NE?),
and thus also of constant dimension.

85Definition (1.37).

80ne also says that it gives V the structure of a foliated manifold.
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THEOREM (FROBENIUS): In order that the field x — E be a foliation,
the following condition ® is necessary and sufficient:

O { If two vector fields  — 6z and z — §'z satisfy [6z € E, 6’z € E]
on an open set, then one also has [§,6lz € E on this open set.

PROOF: Let us indicate the main ideas of a proof of this theorem, which
at the same time give a practical method of integration.

Let z¢ be a point of V. One can find a differentiable map z + y from
V to R™ (m being the dimension of E') such that ker(%ﬁ) is a complement
to F at zg. Since this property remains true in an open set {) containing
Zo, it follows that on {2 we have

be € E << bx=S5(by),

for some (uniquely determined) basis S = [S;...Sy] of E; the resulting
field  — S is differentiable on . On an integral manifold the map
x +— y is, locally, a diffeomorphism whose inverse is a chart Fly + z]
satisfying D(F)(y) = S. If 2 — E is a foliation, one deduces that the
Lie brackets of the vector fields f;[z — S;] are pairwise 0. It is easy to
verify the equivalence of this condition and © (on ).

Conversely, if condition () is satisfied, choose a point z; €  and
write

= Ft)=exp(*t fi + -+ ™t fin)(21) [t eR™].

Obviously one has F'(0) = z;, and, according to theorem (3.10), D(F)(¢)
= S. Shrinking its domain of definition if necessary, one can see that F
is a chart of an integral manifold passing through z;; thus V is foliated
by integral manifolds. O

The study of integral manifolds is thus reduced to the computation
of the exponential map figuring in (5.6), and thus to solving ordinary
differential equations (see (3.3)).

One can also look for a chart ¢ [z — z] of the manifold defined by
the equation y = constant and passing through zo. This is a manifold of
dimension n — m (theorem (1.40)). Replacing z; by ¢(z) in (5.6), one

can define a map z) — x; suitably shrinking its domain of definition,

one can show that this map becomes a chart of V. From this one can
deduce the following theorem.

87Called an integrability condition.
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THEOREM: Let V be a manifold of dimension » and z — E a foliation
of V (dim(E) = m). Then V possesses an atlas of charts

(i)r—»w teR™ zeR"™™
such that
@ bx e B <= 62=0,

and such that, for constant z, the map ¢ — z is a chart of an integral
manifold. m|

From this theorem it follows easily that the injective immersions
y — z of R™ into V such that im (g—:) = E are compatible (1.5), and
that they form an atlas of V. Hence V' possesses another structure of a
mantfold, now of dimension m, injectively immersed in the old structure.

In this new structure the connected open sets are integral manifolds
of E; the connected components (1.49) are called the leaves of E. It is
easy to deduce from this the following theorem.

THEOREM: Let z — FE be a foliation of a manifold V. Then

a) V possesses a partition into connected integral manifolds called leaves.

b) Each connected integral manifold is an open subset of a leaf .

c) If ® is a connected manifold injectively immersed in V and if at
every point of ® the tangent space to ® is contained in F, then ® is
injectively immersed in a leaf of the foliation.

EXAMPLE: Let z +— E be a differentiable field of vector spaces of dimen-
ston 1 defined on a manifold V. It is easy to verify that the integrability
condition is always satisfied, and thus V is foliated. The integral mani-
folds, which are of dimension 1, are called lines of force. O

EXAMPLE: In particular, let f be a differentiable vector field on a man-
ifold V. On the manifold V' x R one can define a differentiable field of
vector spaces of dimension 1 by

5<f)eE = bx— f(z)bt=0 (Fig. 5.1).

It is clear that the graph of a solution of the differential equation %’ti =
f(z) is a line of force, but not every line of force is necessarily a graph.
One can consider a line of force as a generalized solution of the differential
equation. Note that leaves, which are maximal generalized solutions of
the equation, exist even if V is not Hausdorff (compare with (3.2)). O
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(5.11) EXAMPLE: Let z — V be a nonzero vector field on R3. An orthogonal
surface for the vector field is a surface whose tangent space at each point
x is orthogonal to V. In order that through each point of R there exists
an orthogonal surface for V, it is necessary that the field z — orth(V)
be a foliation. Let us apply condition (5.50), which in this case becomes

{ (V,éz) = 0
(V,8z) = 0
Using (2.45¢) we obtain the identity

(V,[6,8z) = (curl V, 8z x §'z) + §(V,8'z) — §'((V,6z)).

From this the reader can easily deduce that condition < for the existence
of an orthogonal surface for V can be written as (V,curl V) = 0. O

o = (V,[5,8)z)=0.

(5.12) EXAMPLE: Let A be a differentiable map from a manifold V' to a man-
ifold V'. Define E = ker(D(A))(z). If m = dim(E) is constant, the
field © — E is differentiable and the integrability condition (5.59) is
satisfied. Thus V is a foliated manifold. One can see immediately that
the sets A(z) = constant have a unique structure of a submanifold of
V of dimension m, and that the connected components of each of these
submanifolds are leaves.

This result completes, with different hypotheses, theorem (1.40) on
manifolds defined by an equation. (]

R

Fig 5.1

~ o — —— —

(5.13) THEOREM: Let V be a foliated manifold with f its foliation and let A
be a diffeomorphism from V to V. We will say that A preserves the
foliation if

[z € dom(A), éz € f(z)] = [6[A(x)] € f(A(2))].

In order for A to be also a diffeomorphism of V' equipped with the structure
of a manifold of dimension m (notation of (5.7) and (5.8)), it is necessary
and sufficient that A preserves the foliation.
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If dom(A) = im(A) = V and if A preserves the foliation, then the
restriction of A to an arbitrary leaf ® is a diffeomorphism from @ onto
a leaf @’. |

The quotient of a manifold by a foliation

Let  — E be a foliation of a manifold V' of dimension n (dim(F) = m).
We will say that a manifold U injectively immersed in V is transverse to
the foliation if at each point of U its tangent space is complementary to
E (Fig. 5.II); its dimension is necessarily n —m. We have seen (in (5.7))
that one can construct a manifold transverse to a foliation at each point

of V.

v ~ -
| ﬁ --------- R P(z)

We will say that the foliation is sectionable if through each point of V
there exists a transverse manifold U that is a section of the foliation,
that is, U meets each leaf of the foliation in at most one point. In such
a case we will say that U is a transverse section.

Let us assume that the foliation is sectionable and let us denote by P(z)
the leaf that passes through the point  of V. One can show that the
P o F, where F is a chart of a transverse section, form an atlas for
the set V' of all leaves. Hence V' has the structure of a manifold of
dimension n — m, called the quotient manifold of V by the foliation. It
is clear that P is an open differentiable map from V onto V' and that
E = ker(D(P)(x)); P is called the projection of V onto V’.

Note that the sectionability condition for a foliation is a purely global
condition: for each foliation of V one can cover V by open sets V; on
which the field  — E induces a sectionable foliation (for example one
can take the V; to be the images of the charts (5.7)).

Even if the manifold V' is Hausdorfl, it can happen that the quotient
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manifold is not. For example, if (g) varies over R? without the origin

(Fig. 5.1II) and if the foliation is defined by 6z = 0, then the leaves are
the lines z = zg (20 # 0) and the two half lines Dy (z = 0, y > 0) and
D_(z =0, y <0). It is easy to see that in the quotient manifold every
open set containing D4 has a nonempty intersection with every open set
containing D_ .

14 14

Rl

________ o+

Let V be a manifold with a sectionable foliation and let A be a diffeo-
morphism of V' onto V' which preserves the foliation. Theorem (5.13)
shows that there is a permutation A of V’ defined by

A(P(z)) = P(A(z)) VzeV;

one can show that A is a diffeomorphism of V.

Integral invariants

Let z — FE be a sectionable foliation of a manifold V and let  +— ¢
be a differentiable field of p-forms on V. One says that ¢ is an integral
invariant of the foliation if £ — ¢ is the inverse image under the projec-
tion onto V' of a differentiable field z’ — ¢’ of the quotient manifold V".

O

If z — ¢ is an integral invariant of degree p (p > 1), it is clear that
x +— de is also an integral invariant (because it is the inverse image of
2’ — d¢’ (see (4.36))). It is also clear that £ C ker(y) (see definition
(4.6) of the inverse image) and thus

& E C ker(p) Nker(dy) .

Conversely one can show that condition $ is sufficient in order that
@ be an integral invariant.

88Integral invariants as defined by Elie Cartan.
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An integral invariant ¢ of degree 0 is called a first integral; it is a scalar
field which is constant on the leaves. Condition <), which does not make
sense any more because ker(p) is not defined, has to be replaced by

Q E C ker(dep) .

Note that formulee ¢ or O remain meaningful if the foliation is not
sectionable; in such a case it is said that z + ¢ is an integral invariant
for each open set V; where the foliation is sectionable (see (5.17)).

The characteristic foliation of a form

Let x — ¢ be a differentiable field of p-forms defined on a manifold V.
Let us define
E' = ker(p) Nker(dep) ,

and let us assume that the dimension of E'is constant and > 1. Theo-
rems (5.3) and (5.4) show that the field z — E’ is differentiable, so let
us study the integrability condition (5.50).

If two differentiable fields of vectors x — éx and z — &'z are con-
tained in E’, that is,

{ o61)=0,  [gl(x) =0,
p(6'z)=0, [de](6'z) =0,

then one finds, using formula (4.24) and Cartan’s theorem (4.39), that

P(8,61) = @(852) = 8lp(62)] — [80)(6a)
= —[5pl(62) = —[dp(8'2) + dp(&')](62) = 0,

and, due to Poincaré’s lemma (4.37), that

[de]([¢", 8]) 8zlde(62)] — [61d¢p](82)
—[d[de](¢'z) + d[dp(8'z)]](62) = 0,

I

I

whence [§,81z € E’. Tt follows that the integrability condition is au-
tomatically satisfied and thus that = +— E’ is a foliation, called the
characteristic foliation of the form ¢.

From (5.21) it follows that ¢ is an integral invariant of its characteris-
tic foliation. If this foliation is sectionable then ¢ is the inverse image of
a form 2’ — ¢’ on V’. One can check immediately that ker(¢’) Nker(dy’)
is zero.



§6. Lie groups

(6.1) DEFINITION: Let G be a group, that is to say, a set on which is defined a
composition law’ x, an identity element e and an inverse a — a~! such
that Va,b,ce G:
axbeG,
[axb]xc=ax[bxc,
aXxe=eXa=a,
aled,

a'xa=axa !l =e.

One says that G is a Lie group if G is a manifold and if the maps
(Z) — a x band a+— a”! are differentiable.

(6.2) EXAMPLE: If E is a vector space of finite dimension n, it is a group
with respect to the composition law +, identity element 0, and inverse
a — —a. On E we have defined a manifold structure in (1.9). Since the

maps <Z) — a + b and @ — —a are differentiable, E is a Lie group,
called the additive group E. O

(6.3) EXAMPLE: Let us denote by L(E) the set of linear maps from E into E;
L(E) is a vector space of dimension n? and thus is a manifold. GI(E)*°
denotes the set of elements a of L(E) such that det(a) # 0; it is a
group of permutations of E. Since it is an open subset of L(E)% it

is a manifold.®! Since we already know that the maps (Z) — a-b

and a — a~! are differentiable,®? it follows that GI(E) is a Lie group of

dimension n?. O

tEditors’ note: Also called multiplication.

89The General linear group of E.

907t is the inverse image, under the continuous map det, of R\ {0}, which is an
open set (see (1.16)).

91Gee (1.39).

92Gee (2.28) and (2.30).
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Actions of a Lie group on a manifold

(6.4) A Lie group is said to act on a manifold V if for each a € G there is a
permutation ay of V such that

<> G‘XbV:QVobV \V/a,bEG

and if the map from G x V to V given by ( ) — ay(z) is differentiable.

a
z
(6.5) EXAMPLE: For any a € GI(E) we define ap = a. With this definition
GI(E) acts on E. 0O
EXAMPLE: Let GG be an arbitrary Lie group. If for @ and b in G we define
(6.6) QG’(b) =a X b,
then G acts on itself. The ag are called translations’ of G. O

If G acts on a manifold V one can make G act on the tangent bundle

VD (1.31) of V by defining
(67) Q[VD] = [Qv]D Va € G
(see (1.32) to (1.34)).
If G acts on V one can check immediately that
ey = ly (e = identity element of G),
(6.8) .
[a™']y = lav] (Va € G),

and thus that the ay form a group of diffeomorphisms of V; we will
denote this group by Gy .

(6.9) If G acts on a vector space E and if the elements of G are linear, then
the correspondence a — ag is called & linear representation of G.%°

If G acts on a manifold V we define
(6.10) z(a) = ay(z) [Vz eV, Vaed].

It is immediate that Z is a differentiable map from G to V and that
Z(e) = z.

tEditors’ note: ag is also called the left translation of G by a.
93We consider here only finite dimensional representations.
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Let G be the tangent space to G at e (Fig. 6.I) and let Z be an element
of G. On every manifold V on which G acts we can define a vector field
Zv'r by

(6.11) & Zy(z) = D(z)(e)(2)

or, if one prefers, by

(6.11) © Zy(z) = é[ay(z)] fora=-e, 6a =7, and éz =0.

These formulz can be applied in particular to the case V = G (compare
(6.6)), in which case Zg is a vector field defined on the group G. Note

that Zg(e) = Z.
ZV(£)> V
(6.12) THEOREM:

a) On every manifold V on which G acts, the vector field Zy is differ-
entiable.

b) If Z and Z’ are elements of G, then there is an element [Z, Z'] of G
such that [Z, 2], = [Zv, Z}/],°"! independent of the manifold V on
which the group G acts.

c) If G acts on a Hausdorff manifold V% then exp(Zy) exists for every
Z € G and one has

exp(Zv) = exp(Zg)(e)V %6

Conversely, if a vector field f satisfies exp(tf) € Gy for all real ¢,
then there exists a Z € G such that f = Zy. a

tEditors’ note: The vector field Zy is called the fundamental vector field on the
manifold V associated to Z € G.

94The right hand side is the Lie bracket of the vector fields Zy and Z}, (2.45); the
left hand side is the vector field associated with [Z, Z’]. Of course [Z, Z'] will also
be called the Lie bracket of Z and Z’'. Editors’ note: The Lie bracket [Z, Z’] is also
called the commutator of Z and Z'.

tEditors’ note: Traditionally the Lie bracket on G is defined with the opposite
sign: on Lie groups the vector fields Z¢ as defined in the text are right invariant,
whereas the Lie bracket is usually defined in terms of left invariant vector fields.

95See definition (3.1); one can show that every Lie group is a Hausdorff manifold.

96This shows in particular that exp(Zg) is a translation of G (VZ € G).
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The Lie algebra of a Lie group

The set G (the tangent space to G at e) is called the Lie algebra of the
Lie group GG. One can verify that

a) G is a finite dimensional real vector space.
b) VZ,Z' € G we have defined the commutator [Z, Z'], also denoted as
ad(Z)(Z’), which belongs to G.

c) ad is an antisymmetric bilinear operator:
Z,Z1+12',Z] = 0

(Z1 + Z,, 7] 21,2+ [ 22, Z')
[s2,7'] = s|Z,7'] Vs € R].

il

d) The Lie bracket satisfies the Jacobi identity **
12,12, 2"+ 2, 2", 2| + 2", (2, 2]} = 0,
which can also be written as

ad([Z,2']) = ad(Z) - ad(Z’) — ad(Z’) - ad(Z) . o

Conversely, a Lie algebra is any set G satisfying (6.13). It follows that
the set G’ of elements of G that are sums of Lie brackets is visibly a Lie
algebra called the derived algebra of G.

EXAMPLE: In the case of the additive group E (notation (6.2)), the Lie
algebra coincides with the vector space E, the Lie bracket being zero:

Z,Z'] =0. O

EXAMPLE: In the case of the group GI(E) (notation (6.3)), it is evident
that its Lie algebra is L(E). For Z € L(E) one has Zg = Z and *®

Z,2=2"-Z-7-7".
One has the series expansion

zZ? A
exp(Z)=1+Z+§+..._|_W+...’

97See (2.47).

98To obtain this formula with the traditional opposite sign, the Lie group and its
Lie algebra have to act on the other side. Editors’ note: Another way to obtain the
opposite sign is to use the left-invariant vector fields to define the Lie bracket on G,
see the editors’ note on page 47.
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which converges for all Z € L(E). Theorem (6.12) implies that exp(Z)
€ GI(E), and thus that det(exp(Z)) # 0. Furthermore one can show ?°
that

det(exp(Z2)) = ™%
exp(B-Z-B 'Y= B-exp(Z) - B! VBeGI(E). O

Orbits

Let G be a Lie group acting on a manifold V (Fig. 6.1). The set ay(z)
as a varies over (G is called the orbit of the point z under the group G;
the orbit is thus the image of the map Z (notation (6.10)).

One can verify immediately that
ly € orbit(z)] <= [orbit(y) = orbit(z)],
and thus that the orbits form a partition of V.

THEOREM: Let x be a point of V and let H be the vector space of all
Zy(z) where Z varies over the Lie algebra G of G.

If the dimension p of H is nonzero, then the orbit  which passes

through z is a submanifold of V of dimension p; its tangent space at «
is H 100

For each a € G the map aq, the restriction of ay to the orbit €,
defines an action of the Lie group G on the manifold . m}

The adjoint representation

Let G be the Lie algebra of a Lie group G; let Z € G and a € G. We have
defined the map @ (notation (6.10)) which in this case is a diffeomorphism
of G given by

a(b)=bxa,

and is called right translation by a.

9 Apply (2.29) and (3.6).
1000} is an integral manifold of the field z — H; note that this field defines a foliation
of V if the dimension p is constant on V.
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(6.22) One can immediately verify that the vector field Zg (notation (6.11))
is right invariant, that is, the direct image of Zg under every right trans-
lation is equal to Zg (definition (2.32) of direct image). Conversely, each
right invariant vector field is of the form Zg for some Z € G.

Let us now investigate the direct image of Zg under the (left!) trans-
lation ag. One can easily check that it is a right invariant vector field,
and thus of the form Zy; for some Z’ € G. Hence we can define a map
ag from G to itself by (notation (2.32))

(6.23) lec], (Z6) = [ag(2)]g ,
which may also be written as

(6.24) ag(Z)=6laxbxal], withb=e, §b=7, and §a =0.
It is easy to verify that the map a +— ag defines an action of G on
its Lie algebra, and that the ag are linear. We conclude that a — ag4

is a linear representation of G on its Lie algebra G, called the adjoint
representation.

Note that formula (6.23) can be generalized to
(6.25) lav] (%) = [ag(2)]y

which is valid for every manifold V' on which G acts.

When f = Zj, g = Zg, and « = e, formula (3.7) can be written, after
some modifications, as

e Z)E),)(2) = expl—1Z)e) (12, Z) VL2 €g.

By setting ¢ = 0 and using the notation of (6.11) and (6.13b), the above
formula becomes

(6.26) Z = —ad(Z).
Combining (2.48), (6.12), and (6.23), one can establish the formula
(6.27) ag([2, 7)) = lag(Z), ag(Z")).

EXAMPLE: In the case of the Lie group GI(F), whose Lie algebra is L(E)
(see (6.16)), the adjoint representation is given by

(6.28) ayp)(Z)=a-Z- a™? l[ae GIE), Z e L(E)].
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Lie subalgebras and Lie subgroups

Let G be a Lie group and G its Lie algebra. A subset G of G is called a
Lie subalgebra if

G is a vector subspace of G ,
Z,7eG = [2,72]€G. o

For an arbitrary element a of G we denote by E the set of all Zg(a) as

Z varies over G. E is a vector subspace of the tangent space to G at a;
its dimension p, equal to that of G, is constant. One can verify easily
that the field a — E is differentiable (5.2) and that it defines a foliation
of G191 We will call it the foliation associated to the subalgebra G.

DEFINITION: Let G be a Lie group; we will say that a Lie group G is a
Lie subgroup of G if

a) as a group G is a subgroup of G;102

b) as a manifold G is a submanifold of G.103 i

In particular, the Lie subgroups of G that have the same dimension as
G are the open subgroups of G (see (1.39)).

One can see immediately that the Lie algebra G of a Lie subgroup G of
G is a Lie subalgebra of the Lie algebra of G. It is natural to ask whether
conversely one can characterize G by its Lie algebra G. The following
theorem deals with this question.

THEOREM: Let G be a Lie group, e its identity element, and G its Lie
algebra. Let G be a Lie subalgebra of G (6.29).
I) Let us denote by G5 the leaf passing through e of the foliation as-
sociated to G (6.30). Then
a) G is a Lie subgroup of G having G as its Lie algebra.
b) There exists an open set {2 in G containing 0 such that the map
Z v exp(Zg)(e) is a diffeomorphism from Q to G.1%

101Because Q' is not only a vector subspace of G but also a Lie subalgebra.

10275 3 set G is thus a subset of G; the multiplication on G is inherited from G,
and the identity elements of G and G coincide.

103Definition (1.37).

10474, follows that if S is a basis of G, then the map z — exp(S(z)g)(e), [S(x) € Q]
is a chart of 61; we will call it a canonical chart.
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c) For a € G there is a finite number of elements 17,7, ..., °Z
of G such that

a = [exp('Zg) - exp(Za) - - exp(*Za)|(e)

II) Let us denote by G; the set of elements a of G such that [Z € §] =
lag(Z) € G].% Then
a) C:’H is a subgroup of G.
b) C:’H is a union of leaves of the foliation associated to G and hence
is a submanifold of G.
c) With this group structure and this manifold structure G is a
Lie subgroup of G with Lie algebra G.
d) For a € Gy, the map Z — exp(Zg)(a) is a diffeomorphism from
Q to é’n.
III) Let G be a subgroup of G. Then the following two properties are
equivalent.
a) G is a Lie subgroup of G and as such has G as its Lie algebra.
b) Gr € G C Gy
If one of these conditions is satisfied then G is an open subgroup of
Gr1. Gy is the connected component 1% of e in G and constitutes a
normal subgroup®” of G. o

From these results one can easily deduce the following criterion.

(6.33) Let G be a Lie group, e its identity element, and G its Lie algebra.
Let G and G be subsets of G and G, respectively. Then the following
conditions are equivalent.

G is a subgroup of G,
G is a vector subspace of G,

z28] ~ [z

b) G admits the structure of a Lie subgroup of G with Lie
algebra G. O

(6.34) Evidently it follows that any intersection of Lie subgroups G; of G is
a Lie subgroup of G (and of the G;s) whose Lie algebra is the intersection
of the Lie algebras of the Gj.

105371 is called the stabilizer of G.
106Gee (1.49).
107That is, [a € G,b€ Gf] = [a x bx a™! € Gp].
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(6.35) Taking G = G one sees that the connected component of the identity
element of a Lie group is always a normal subgroup.

The stabilizer

(6.36) THEOREM /DEFINITION: Let G be a Lie group with Lie algebra G acting
on a manifold V. Let us define

{ [a €G] <= [av(z)=1]
VaeG,VeeV VZeg.
[ZeG)] <= [Zv(z)=0]

Then G, is a Lie subgroup of GG, having G, as its Lie algebra, which is
called the stabilizer (or isotropy group) of z. We have

[a € Gyw)) = 67! x a x b e G,]
Q Vbe G,

Ze6w] = [0,2)eql]

and thus stabilizers of different points on the same orbit are conjugate
Lie groups. O
Classical examples of Lie groups

Let E be a real vector space of dimension n. We have seen that GI(E)
is a Lie group of dimension n? having L(E) as its Lie algebra.

C C

i ]
Ry 4 ]

(6.37) If we define © to be the set of elements Z € L(E) whose spectrum
is contained in the strip |z — z| < 27 (Fig. 6.1I), then the conditions of
theorem (6.32.1.b) are satisfied. Hence the map

Fig 6.1I1

Z — exp(Z) [Z € Q]
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is a diffeomorphism from the open set 2 onto an open subset Q' of
Gl(E). The elements of ' are those linear maps in GI(£) that do not
have negative eigenvalues (or zero eigenvalues, as they are injective).

The inverse diffeomorphism of (6.37) is called the logarithm and will
be denoted by Log. One can show that

0

(6.38) Log(A) = / s — A" = [s — 1]} ds, Acq.
From this formula one can deduce that

(6.39) Log(B-A-B™') = B-Log(A)-B™! B e GI(E)

(6.40) Log(A™') = —Log(A).

(6.41) The connected component of e in GI(F) (which is a normal subgroup
according to (6.35)) is the set of elements of L(E) whose determinant is
positive;1% it evidently contains the open set Q'.

One can check immediately that the elements a of L(E) that satisfy the
equation

(6.42) det(a) =1
form a Lie subgroup of GI(E), denoted by SI(E).1%° SI(E) is connected,

its dimension is n% — 1, and its Lie algebra is made up of the elements of
L(E) whose trace is zero.!'° O

Let F be a complez vector space of dimension n. We know that E can
be considered as a real vector space of dimension 2n; we will denote by
the subscripts C and R concepts relating to the complex and the real
structure of E, respectively. Thus L(E)c denotes the set of C-linear
maps from E to E. One can check that L(E)g is the set of elements of
L(E)g that commute with the map z:

(6.43) i(z) =iz VeeE.

(6.44) One can easily see that GI(E)c [= GI(E)g NL(E)c] is a Lie subgroup
of GI(E)g of dimension 2n? with Lie algebra L(E)¢.

(6.45) For a € GI(E)g, there exists a number ¢ such that e?a does not have a
negative eigenvalue. One can easily see, using (6.38), that

b=Log(e“a) —iplg

108This fact can be deduced from Cartan’s decomposition (6.70).
109The Special linear group of E.
110Apply formula (2.29).
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is an element of L(E)¢c and that exp(b) = a. It follows that the contin-
uous map F' given by F(t) = exp(tb) satisfies F/(0) = 1g and F(1) = a;
as a result GI(F) is connected.’! Applying the formula

Trr(Z) = 2Re(TrcZ)) [VZ € L(E)c]

and noting that formula (6.18) is valid for the complex structure as well
as the real structure, one can see that

detr(a) = exp(Trr(b)) = exp(2Re(Trc(d)))
= lexp(Trc(b))]* = |detc(a)l®.

The thus established formula
detg (a) = |detc(a)|?

is in fact true for every ¢ € L(F)c because both sides are zero for

a ¢ GI(E)c. m]

The set SI(E)c, defined as the set of all @ with @ € Gl(E)¢ and detc(a) =
1, is a connected Lie group of dimension 2[n? — 1] having as Lie algebra
the set of all Z such that Z € L(E)¢ and Trc(Z) = 0. SI(E)c is a Lie
subgroup of GI(E)¢g and of SI(E)g (see formula (6.47)). O

Euclidean spaces

Let E be a finite dimensional real vector space. E is called a Euclidean
space if on E there is a symmetric and injective tensor ¢ of degree 2:

{g(X)(Y) = g(Y)(X) €eR [X,Y € E]
[s(X) = 0] = [X=0].

A complex vector space of finite dimension n will be called Euclidean if
a) seen as a real vector space of dimension 2n, F is Euclidean;

b) g(iX)(Y) = g(X)(¥) VXY € B.
ExXAMPLE: R is a real Fuclidean space if one defines

g(z)(y) = zy Ve,y €R. O

H1Gee (1.52).
112[g(X) = 0] can also be written as [g(X)(Y) =0 VY € E].
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(6.51) EXAMPLE: C is a complez Fuclidean space if one defines

gz +wy)(z' +3y') = zz' +yy' [Vz,y,2",y € R]
= Re((w+a) («' +iy)). ]

EXAMPLE: A direct product of Euclidean spaces!!® is Euclidean if one
defines

(6.52) gl s =g(2)(y) 4+ 9("2)(My) - ]

(6.53) THEOREM: Let E and E’ be two Euclidean spaces and let A be a linear
map from E to E'. Then there exists a map A from E’ to E, called the
transpose of A, defined by

9(AX))(Y) = g(X)(A(Y)) VX € E and VY € E' 1

The transposition operation  satisfies the following rules:

A linear = A is linear;'1*

a)
b) g(X)(Y)=Re(X-Y) VXY € EJ;115
c) 3 equals the complex conjugate of s for s € C;!16
d) 1g = 1g if E is Euclidean;
e) A+ A+B=A+B,

= s A for every scalar s;

IUJI‘Q

f) s

g) A=A

h) A-B= F Al

i) ran (Z) rank(A);"®

j) [A] = AT provided A maps a Euclidean space onto a Euclidean

space of the same dimension;!?

113 A1l real or all complex (and then the direct product will be of the same kind); in

particular, R™ and C" are Euclidean spaces, real and complex respectively.
tEditors’ note: On the left hand side g denote the tensor on E’ and on the right

hand side g denotes the tensor on F.

14R or C linear.

115This formula assumes that one has identified each element X of E with the linear
map X(s) =sX VseR (orVs € C, if F is complex).

116Thus 5 = s if s is real.

117This formula assumes of course that B takes its values in the Euclidean space
dom(A).

118This formula is valid in the complex case as well as in the real case.

119Tn particular if A is a basis of E or if A € GI(E).
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1) Log(A) = Log(A) provided Log(A) exists;

= *M; if M is a matrix.1? o

If E is a Euclidean space, the number (X,Y) = X -Y is called the
scalar product of X and Y in E. If this number is real, the scalar
product coincides with g(X)(Y") (6.53b). The usual properties of the
scalar product, and in particular the formula

YV, X) =(X,Y),
follow immediately from the properties of the transposition operation.

“Ordinary” vectors form a Fuclidean space in the sense of (6.49), the
scalar product (X,Y’) being the “ordinary” scalar product; one identifies
this Euclidean space with R3. O

It is immediate that the “scalar square” (X, X) of an element of E is
always real. The Euclidean space F is called positive (respectively neg-
ative) if

(X #0] = [Y~ X > O] (respectively X - X < 0).
“Ordinary” space R? and the spaces R™ and C" are positive. O
Let E be a Euclidean space and suppose that Z € L(E). Z is called

hermitian (respectively skew hermitian) if Z = Z (respectively Z = —Z).

If Z and Z' are skew hermitian one can note that

7' Z—-7-2'=2-2'-7'-Z = -2 -Z-2-2.

Consequently, the set of skew hermitian matrices form a Lie subalgebra
G of L(E) (see (6.16)).

Let us form the largest subgroup G;; admitting G as a Lie group using
the procedure of (6.32.11). One finds immediately that Gz is the set of
those A € GI(E) such that A- A commutes with every skew hermitian

matriz. One can show that this implies that there exists a scalar s
(necessarily real) such that

Z-AZSIE,

1201 other words, one obtains the matrix M by taking the transpose of each of the
elements of M and then interchanging rows and columns. As a matter of fact, this

formula is an immediate consequence of U =7 (notation (1.20) and (1.29)).
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which can also be written as
(6‘61) A=sA71.

Note that s is constant on each connected component of G112 Tt follows
that the set of all A such that

(6.62) A=A

forms an open subgroup of Gyy, and thus a Lie subgroup of GI(E) having
the skew hermitian matrices as its Lie algebra.

(6.63) If £ is real, this group is called the orthogonal group of E and is
denoted by O(FE); its dimension is n(n — 1)/2. Formula (6.53k) shows
that each element A of O(F) satisfies det(A) = +1. It follows that the
set

(6.64) SO(E) = O(E)NSI(E)
is an open subgroup of O(E). Hence SO(FE), called the special orthogo-

nal group of E, is another Lie group having the (real) skew hermitian
matrices as its Lie algebra.

(6.65) If £ is positive, one can show that every element of SO(E) can be written
as exp(Z) for some skew hermitian matrix Z. Thus SO(3) is connected
and O(FE) has two components: on the one hand SO(E) and on the other
the set of elements of determinant —1.1%2 O

(6.66) If E is complexz, the group defined by (6.62) is called the unitary group
of E and is denoted by U(F); its dimension is n?.

Every element A of U(E) satisfies |det(A)| = 1; those elements whose
determinant is equal to 1 form the Lie subgroup SU(E), called the special
unitary group. The Lie algebra of SU(E) is the set of matrices Z such
that

(6.67) 7Z=-Z and Tr(Z) =0,

and hence its dimension is n? — 1.

(6.68) If in addition E is positive, then each element of U(E) (respectively
SU(E)) can be written as exp(Z) with Z belonging to the Lie algebra of
U(E) (respectively SU(E)). It follows that U(E) (respectively SU(E))
is connected.1? 0O

Z 12IThe same subgroup possesses another Lie subgroup structure having as its Lie
algebra the set of matrices of the form slg + Z with Z = —Z.
122This is the case for O(R") and SO(R"), usually denoted by O(n) and SO(n)
respectively.
123This is the case for U(C™) and SU(C™), usually denoted by U(n) and SU(n)

respectively.
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Let us now assume that A € O(E) (respectively U(E)) (with E an
arbitary Euclidean space), and that Log(A) exists. Taking the logarithm
of both sides of the equation A = A~! and applying (6.40) and (6.531)
one can see that Log(A) is skew hermitian and thus belongs to the Lie
algebra of O(E) (respectively U(E)). As in (6.45) it follows that A
belongs to the connected subgroup.

Returning to definition (6.37) of ¥, we see that every element of
O(E) that does not belong to the connected subgroup possesses a negative
etgenvalue.

Matrix realizations

THEOREM (THE CARTAN DECOMPOSITION (for matrices)): Let M be an
injective square matrix with real or complex entries for which we define

QO B = 1Log(M- M) and A= M -exp(—B).

The matrices A and B always exist; they are real if M is real. They
satisfy

& M = A-exp(B), A-A=1, and B=B.

Moreover, the given matrices A and B are the only solutions of <, and

the map M — (g) is a diffeomorphism.!%4 a

This theorem shows that GI(R"™), also denoted by Gl(n), is diffeomorphic
to O(n) x RU™1/2_ and that GI(C")g, also denoted by Gl(n,C), is
diffeomorphic to U(n) x R™.

Let S = [S1...5,] be a basis of a Euclidean space E. It is easy to see
S1

that S = [ : }, and thus that S-S = G is an injective matrix called the
Sn

Gram matriz.

One can easily construct an orthonormal basis S, that is, a basis such

1240f the general linear group onto the manifold of (g) such that A- A =1 and
B=B.
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that

(6.72) G=S

n
w0
Il

withp+g=mn.

-1

The number p is the maximum dimension of a positive Euclidean sub-
space of E and thus does not depend on the choice of S it is called the
index of inertia of E.

We now assume that F is hyperbolic, that is, that 1 < p < n —1.1%
Every element a of GI(F) can be obviously be brought into the form

(6.73) a=S5-M-S,
for some square matrix M. If @- a = 1, one can verify immediately that
(6.74) M*'=G-M- -G [G as given in (6.72)].

The matrices M satisfying this equation form a Lie group, called O(p, q)
in the real case and U(p, ¢) in the complex case, which is evidently iso-
morphic to O(E) (or U(E)).'2¢

Let M be an element of this group; by inverting and transposing
(6.74) one can see that M belongs to the group, and thus M - M. The
argument of (6.69) shows that B = 1 Log(M - M) belongs to the Lie al-
gebra of this group, and hence the two factors of Cartan’s decomposition
(6.70%) of M belong to this group. One can verify immediately that B
anti-commutes with the Gram matrix G, and that A commutes with G.
Using these relations one arrives at the following result.

If M satisfies (6.74), then the same is true for the matrices in its
Cartan decomposition, which can be written as

wmo [l fofE])

where C and D are square matrices of size p and g respectively satisfying
C-C=1and D-D =1, and where E is a ¢ x p matrix.

125This is the same as saying that E is neither positive (for then one would have
5.5 = 1) nor negative (for the one would have S-S = —1). In these two cases the
matrices A and M of (6.70) are simultaneously orthogonal or unitary.

126The correspondence M — a is an isomorphism of groups and a diffeomorphism
of manifolds; that is why it is called a Lie group isomorphism.
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(6.76) Conversely, if C, D, and E are matrices satisfying the above condi-

tions, one can see that M defined by © satisfies (6.74). Thus the dif-
C

feomorphism M (D) shows that O(p, ¢) is diffeomorphic to O(p) x
E

O(q) x R*?, and that U(p, q) is diffeomorphic to U(p) x U(q) x R?2.127
Taking (6.65) and (1.50) into account, one can see that O(p, q) has four
connected components of which two form SO(p, q); likewise U(p, ¢) and
SU(p, q) are connected. O

1270ne can corroborate these facts by a dimension count:

sn(n—1)=3p(p—1)+ 2q(g—1)+pg and n®=p’+¢*+2pq.



§7. The calculus of variations

Classical variational problems
Let us be given a Lagrangian, that is, a differentiable real valued function
(7.1) A=At z,2") teR, z€R" and ' € R"],

as well as two numbers o and ¢;. To a differentiable map F(t — ) we
associate the number

t
(7.2) a= [ At,z,o)dt o=
to dt
called the action.
(7.3) Let us now assume that F' depends on a parameter u in such a way

that the map (i) — « is differentiable and let us denote by é the
derivation with respect to u defined by du = 1 and 6t = 0. § is called a
variation of F', whence the term calculus of variations.

By means of an integration by parts, one can easily establish the
formula

(7.4) Sa— [%/\—,(&c)]tl + /tt {% - % [%] } () dt .

to

The first variational problems studied were of the following kind. One
chooses two points z¢ and z; of R"™ and one then searches among the
collection of differentiable functions F' satisfying

(75) F(to) = X9 and F(tl) =T

“for one which minimizes the action a.
Using formula (7.4) one can show that if such a function ¢ — « exists,

it has to satisfy
ox d [8/\] —0 dzx

%—-%6—3}7 with 2’ = — m}

(7.6) .

In certain cases one can solve (7.5) and (7.6), and determine whether
among the solutions of this system there exists one which minimizes






