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(Harder problems, if any, are adorned with a v«.)

Problem 6.1. Let P — M be a principal G-bundle with connection. Let Hol(m) de-
note the holonomy group at m € M and let Holy (12) denote the restricted holonomy
group. Show that Holy () is a normal subgroup of Hol(2). Prove that there is a sur-
jective group homomorphism m; (M, m) — Hol(m)/Holy(m). Give an example of a
bundle for which this map is not an isomorphism.

Problem 6.2. Let P — M be a principal G-bundle with connection. Let p,q € M.
Show that if p and g can be joined by a smooth curve in M, then the holonomy
groups Hol(p) = Hol(q) are conjugate in G, and hence isomorphic.

Problem 6.3. Let (M, ]) be an almost complex manifold; that is, the endomorphism
J: TM — TM satisfies J2 = —1. Then show that the involutivity of the +i-eigenbundle
T*™M of T®M is equivalent to the vanishing of the Nijenhuis tensor Nj : A>’TM — TM,
defined by

NyXY) =JUXJY] + [X,JY] + UX, Y] - J[X, Y] .

Show that Ny is indeed a tensor; that is, show that Nj is C*°(M)-bilinear.

Problem 6.4. Let (M, g,]) be a hermitian manifold. This means that ] is an orthog-
onal complex structure. Let o be the corresponding nondegenerate 2-form. Show
that the following conditions on J are equivalent (and equivalent to (M, g,]) being
Kahler):

1. V]=0,
2. Vo =0, and
3. dw=0,

where V is the Levi-Civita connection.

Problem 6.5. Let (M, g,1,]) be a hyperkédhler manifold. This means that I,J are or-
thogonal parallel almost complex structures satisfying IJ = —IJ. Show that al+pJ+yIJ
is an integrable complex structure for all a, B, y € R satisfying a? + p? + y? = 1.

Problem 6.6.7x Show that in a quaternionic Kdhler manifold, there is a parallel 4-
form by investigating the fourth exterior power of the holonomy representation Sp(n)-
Sp(1) cSO4n).



