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Underlying symmetry argument for AdS/CFT:

Symmetry superalgebra A~ Conformal superalgebra
of near horizon limit = — of d-dimensional
of (d-1)-brane - CFT



Underlying symmetry argument for AdS/CFT:

Symmetry superalgebra A~ Conformal superalgebra
of near horizon limit  — of J-dimensional
of M2-brane CFT

In this talk: d=3

The superalgebra: 0s5p(/V|4)



g = osp(IV]4) go = o(N) © sp(4; R)

sp(4;R) = 0(3,2)

Lie algebra of
conformal isometries

of M Z’I’Lkg

Lie algebra of A~
isometries of AdS, —

This suggests classifying supersymmetric M-theory

backgrounds with underlying geometry AdS, x X’



For Freund-Rubin backgrounds,

N>4 = X'=8"T 3T C SO(8)

Such backgrounds have been classified:

The group I is a fibred product of ADE subgroups of
Sp(1).



TaBLE 9. Smooth quotients with A4 > 4

A=B=F|Te Twist(A) A Xan Al | A
A 1 2 8
An_1>2 | n 6
D254 1 4n o,
6 1 24 5
0y 1 48 g
P 1 120 3
An_1>4 1#4reZX/{(-1) |n 4
n+2>6 1£re€eZ,; /(1) |4n 4
E, 1L 48 4
18 v 120 4




TaBLE 8. Product subgroups of Spin(4)

§ Order
A, 1 XA, 1|nm
A, 1 XD, o | 4nm
B 1 [ 24n
A, 1 X E,; 48n
A, 1 xEg 120n
nt2 X Do | 1I6nm
D40 X Eg o6n
D40 X E; 192n

r Order
D> x Eg | 480N
e X Eg 576
e X [E7 1152
e X [Eg 2880
i X By 2304
L7 X [Eg 5760
g X Eg 14400



TasLE 10. Remaining finite subgroups of Spin(4)

A B F Twist(F) | |A X Bl

Aa: | Ama | Z | Z¥/(1) |[kam

Ag 1 1) Ly, |{1} 8km

Ag1 Dmg2 {1} 4km

Ay Dom+3 Zsy | {1} 4k(2m +1)

Az Es¢ Zs | {1} 24k

Agy 1 E; Zy | {1} 48k

Djry  |Dhmiz  |Z |} |32km

Dy Dmge Lo {1} 8km

Do +2 Dom+2 Dy | De/~ 16km

D2 Dim+2 Dy | Zy/{-1) | 8klm, (1> 2)
Dox+1)+2 | Dom+ny+2 | Za | {1} 42k +1)(2m +1)
Drok+1)+2 | D2@2mi1y+2 | 2Dg | D/~ 8(2k +1)(2m +1)
Di2k+1)+2 | Diem+1y+2 | 2D | Zyy/ (—1) | 41(2k +1)(2m + 1), (1> 2)
Dy, D)., |Z |{1 16km

Dy, |E Z, |{1 192k

D42 E; Zy |{1} 96k

D342 E; Ds |{1} 96k

Eg E¢ s {1} 192

Eg Eg i 3 {1} 48

E, E, Lo {1} 1152

E, E, D¢ | {1} 384

E, E, (@) {1} 96

Eg Eg I Ly 240




Natural Question

Are there M-theory backgrounds with
symmetry superalgebra osp(IN|4)

which are not Freund-Rubin AdS, x X

J

NB: Any such background would be

N

ro supersymmetric.
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Homogeneity Conjecture

4 )

‘¢

M-theory backgrounds preserving 99
>Y2 of the supersymmetry are

(locally) homogeneous.

- J

Strong form: the Killing superalgebra already
acts locally transitively.

Known to hold for type | and heterotic SUGRAs,
and for >% -BPS M-theory and IIB backgrounds.



Assuming (the strong form of) the
homogeneity conjecture, an M-theory background

with symmetry superalgebra osp (N|4) and N>4

must be (locally) homogeneous under the action

of SO(IN)XS0O(3,2).



Programme

Classify (up to local isometry) 11-

dimensional homogeneous lorentzian
manifolds with an isometric transitive

action of SO(IN)xXS0O(3,2) for N>4.

Identify those which give rise to eleven-
dimensional supergravity backgrounds.

Determine how much supersymmetry is
preserved by the backgrounds.
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A (locally) homogeneous lorentzian manifold is
(locally) isometric to G/H. We are interested

in G=SO(N)xSO(3,2) for N>4 and H a
closed subgroup of G. Since dim(G/H)=11,
dimH+1=dimSO(N).

These are characterised by the following
algebraic data:

h Cg=s0(N)Dso(3,2) dimh:<];f>—1

fixing a lorentzian inner product on g/h.
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h C g=s0(N)Dso(3,2)

r

\_

(Lie algebraic) Goursat Lemma:

Every such fj is a fibred product of two
subalgebras h;c so(N) and h,c so0(3,2)
over a common quotient.




Let’s meet the Lie subalgebras
of s0(3,2)!



TABLE IV. Subalgebras of the similitude algebra.
Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
a7’1 F;K'I!KZSLS!PO’PI!PZ LSlm(Z,l) self (K1P2l—"K2P1'—.l;J3P0)2/ 06'1,(16’2,@5'7 .
a1 Kyy Koy L3y LE(2,1) as,y P} — P} - P}, As,1,8;,3, 83 24
Py, Py, P, K Py — K,Py~ L,P,
@g,2 F, Ky, FOA 5 self hone 5,1, 85,2, 35,35
K~ Ly, Py, Py, Py ag 4, a5 555 ¢ A5 3
as,1 Ky Ly — Ky, Al 3 ag,s Pj— P}~ P} @4,15%4,7> 84,14
POSPI!PE
as,2 F - Ky, Agly g2 Py - Py Qp,0,84,7,04,13
—Ky+ 13, Py Py, Py
as 3 F+ Ky, Al 5 ag ; (P5—P{- P}/ @42, 04,7, 44,12,
— K;+L3,Py, Py, P, Py —Py) 24,18
a4 F+aK,; Al/s, g2 (Py— P ¥+ @y, 1y AL10s @415, 98,16 (@=3)
a;tO,;tl —K1+L3,P0,P1,P2 (P(%*P%'_Pg)
as,5 FyLg— Ky Al 3 g 2 (P} — P} - P3)/ Qy,7,@f,8,94,95 ¥y, 14
POsPIsP2 (po,_pz)z

a F,K,,P AV /2 self (P - P} — P})/ P} a

5y 6 s 89387, 5,38 o—41 3 { 4,1394,2: 84,55

PP, @y 094,95 a4 40
as,q F, Ly, Py, Py, Py Al self (Pj~ P}~ P}/ P§ @y,384,95 04,11y
4,175%3,5
%5, 3 F,y Ky Ly — Ky, As, 36 self ((L;~K)Py/ Ay 508y, 584,13 By 149
Py~ Py, Py (Py— Pyl +Ky~F dy,14,a4,155 Ay, 19
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TABLE 1V, (continued)

Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
4,1 P 4P 4, , @56 Py, Py - P} @31,@3,0,@; 13,05 11
{K:Pg, Pt
g2 Py— P, A AY: as,¢ Py— Py, , @3,15%3,6: 23,75
{F - Ky;Py+P,, Py} (Py+Py)/ P} 3,160 @5, 11
@53 PyP{Ly; Py, Py} AP Ay, as,1 Py, P} + P} @315@3,91505,22, 02,3
ayy FOL K, Ky, Ly} AW Ay, self F,Ki+K}~ L} @3 3,83 04,05 ¢
as,s5 {KZ;PO —PZ}@ A.z@Az self none ag’z,?l3'3,a3.4,a3,7,
{F‘K2§P1} 53,109113,151“3,161‘1%,19
as {FiPy —P}O{F 4,54, self none 3,20 @3, 55 @y 45 Q3,150,100
— Ky, Ly — Ky} 3,150 83,165 @5,19
ay,g {Fr Ky Py — P} AT A, self none @y0s @y @10,
{F—Ky;Pg+ Py} @y 13595, 20
ay, Ly - Ky, P+ Py; Ay, g, Po*Pzz,P% @3,1,a5,5,dy, 25
Py~ Py, Py - P} - P}
a,s Fielly—Ky); Ay 5,5 (Py— P/ (P§~ P} — P}), a3,1,05,4
e=1le=41] Py,R, P,y (Py—Py)explP,/ (Py - Py
a9 FiPy, Py, Py Apl a1 Py/Py, Py/Py 3,153,105
a3,115q3,12
a1 F—bKy; AY-oR U /A-0) g P}/ (P}~ Pi - P3), ay,1,ay,15(0=2)
b>0,=21 Py, Py, Py PP(Py—Py)/(Py+ Py a3, 19,473,929
af, 11 F+bLy; Ao as,q P}/ (P} + P}, (P} + P3P @,1,@%,0,
b>0lb =0l Py, Py, Py (Py+iPy)} (P — iPy)™ as, g
af,1p F+Ky+ePy+ Py Ay as s none 8,117,452
e=1%[e==+1} — K+ L3, Py~Py, Py
Q4,13 F—Ky; Ay Q5,4 Py— Py, (Py—Py) (F - K;) ay,0585,0,y,25
Py—P,, — K+ L;, Py ~Py(-K;+Lj)
ay,14 Ky, Py Al as,3 none 3,25 95,9, 45,105
=~ K+ Ly, Py~ Py as, o
&4,14 F, —Ky+ Ly Al as,3 none Gy 055,958y 10532
Py, Py— Py
oy & L
a5 0<Ibl<1  F+bKy—Ky+Lg, AL a;q none as,x;(b‘:bi)vfjx,m(b*-z),
b=0,+1] Py—Py, Py h=b, 1b|<1 a319.44,19,Qy, 95
E=b1,1b1>1
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TABLE IV, (continued)

Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
P
af, 16 F+5Ky— K+ Ly AYS aj/} none a8, 5,a5,13, ab/fs
€=1x[e=41] +e(Py+Py), Py—Py, Py
a1t F,L3;Py, Py Ag12 self none a3,11,83,015
“5,23’42,7
@4,18=Dy,5 F+Ky; - K +Ls, Al be,1 none 3,165 3,165
PO "Pz,Pl a3,25
a3,1 Py, Py, Py 34, a1 Py, P, Py @y,3503,4,d2,5
a3, PiU{K, Py — Py} AP 4, 4,5 Py a5, 159,252,115
ﬂ§,12
s - K +L;® 4,94, ay,5 - K+ L y,11 82,2, 3, 115
{F; Py~ Py} a8,12
as,s FO{K,; — K+ Ly} A0 4, self F @, 152,69 32,105
a4 14,85 15
3,3 KO {F.p} 494, self Ky &y, 15 82,55 2, 105
,14s 32,15
as,y F—K,® A4, self F-K, @,65%2,8:%2,11»
{F+ Ky Py — Py} a5,11>8%,18, 02,21
a3,5 Ly {F;py} 4D 4, self Ly 3,398 7582,139
3,17
a,q Py — P, 4,94, A4,5 Py-P, a3, 5582,5,0%,19
{F —K);Py+ Py} @y, 21
as,q Py —P,® AT Ay Ayys Py-P, @y,2,@2,85 2155
{F-K,;P} a8 14
oy pany ~ -~ ~
as,q Py—P,w AT A, ay,s Py - Py Gy 9409,5,8 155
{F—K,; K+ Ly} £ 16
a8 — K+ Ly te(Pyt Py), Az “KE Py-P, Q2,959
e=1*xle=x+1] Py, Py—P,
as, s K, —¢Py; A, @414 (Py—Py)< exp(- K 8y,255,1
e=1[e=x1] — K+ Ly, Py~ P, +L3)/ (Py— Py}
at,s FreK+Lyh Agz 4,14 (Py—Py)e @y,55 85,12
€=1le=2+1] Py, Py~ P, exp{Py/ Py~ Pp)}
as 10 Ky — Ky + L, Az 5,3 (~Ky+Ly)/ Gy,5542,105 42,11
pP,-P, (Py—Py)
3,10 FiPy, Py—Py Az 5,8 Py/(Py~Py) 3,082,105 8,11
as,11 F;Py, Py Az ay,4q Py/P, ay, 1,1
3,12 F3Pg, Py Ay 4,6 Py/Py 3,558,105 82, 115
2,13
a3,13 K33 Pg, Py Asg 5,6 PP} ay,5,a3,14
as, i Ky~ €P; Py, Py Ay, @y, Pj~ P} a5,5,a5 1,
€=1[e=4x1]
as, 15 F— 2Ky Py, Ay a5 Py(Py~Py) Ay,0,0% 14,30 g
P,-P,
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TABLE 1V. (continued)

Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
a _ik, 5 , 5 2 gt/
3,15 _II{;JrZI;Z"PO__PZ A3’4 a5 (—Kl ’“LS)(PO—PZ) 112’2,(1«13'/124,(12f{8“
2]
a F+K,;P. 2 2 —~
316 Po—lgz 1 AY: as, g P{/(Py~Py) a3,9282,15, 32,91
z F+Ky; - K- - P, 12 I S
3,16 23— Kyt Ly, Po— Py A¥E ~as ¢ (-(1;1 < Ig)j/ 8y 528305530, 01
o~
a$ 17 F+Ky+e(Py+Py); AY: ¢ 5
ez'l* [e=1x11 Py —12’2,P1 v 5/'5 e P/ By P) az,za’f,ms“z.w
¢ 1y ) :
as,18 F+5Ky; —Ky+ Ly A%{g self (Py=P)A-K+1, as g, all/is as o
e=1le=+1) +e(Py+Py), Py - P, +e(Pyr PP ’ '
as F+cK,P A o p=1 -2 0 1=c a
3,19 24715 3,5 7L+ C,y <c< a5 (Py—Py) Py Ay 5y @C 4, a5 4
c#0,41,-2 P,—P, h=(ic)tc<20rc>0 e T
- c -
10 . F i+ cKy; Al =g c> =3 a5 (Py—P,) @0, 03014, 05,18
c#*0,~%,+1 —~ K+ L3, Py—Py (Lq—Ki)-(“c)/c ' i
RSl ,c<—~ 3
c
&, 5 F+cKyPy, Py Agfgc)/(lw) a,q (Py+Py) ay,5,a5 (g
c>0,c=1 (pO_PZ)(—imy(iw)
a3, L3Py, Py Az 5,7 P} +Pj 02,4:51,10
a +ePy P ? 4 PS
€§:.212 ot Ly+ €Py Py, Py Ay a; Pi+ Py ay,:,08,
5,23 F+cLyPy, Py AYs @y, (P}+ PR @y, 1,45,
¢ >0 [e=0] (Py+ in)'(P1—in)_i
@z o Ky, Ky, Ly Agp @y, Kj+ K- L} 3,100 1,10
as,05= b3, — Ky + Ly, Py Ay b1, Py— P, ay,2,82,
PU_PZ il ?
a1 F, ~ K+ Ly 244 @, F, ~Kj+Ly ay,1,81,2,0f 4
dz,1 Ky, Py 244 @y, K, Py 1,1,4,2, 8,4
as P,Py—P, 24, @g,2 Py;Py— Py @1,2581,11
dy,y — Ky + L, 2A4 bs,2 — Ky + Ly, 1,0,1,11
Py-P, Py~ P,
a4 Ly, P, 24 as,s Ly, Py ay,55 0,55 01,10
23,4 Py, Py 24, as,1 Py, Py %,
a5 Py, P, 24, as,¢ Py, P a,20 3,30 9,11
a6 F,K, 24, self F,K, ay,1,%,1,0f g,
1,12
a1 F,L, 24, self F,L, 1,817,110
ans F-K,, 24, as, F — Ky, Py— Py a0, y,11.41, 12
Py—P,
a, Lo—K +€(Py+ Py, 24, a$, s Ly— K +e(Py=P), af 5, 11
e=1[e=+1) P,- P, Py- P,
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TABLE IV. (continued}

Name and

range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
a,10 Ky — Ky + 1y Ay a3 none ay,1,08,,
ay,19 F;Py A, ;3 none ay, 1,2,
5,11 Ky Py— Py A, ay,5 none By,1,8,1
&,14 F,Py—P, A, g5 none am,zi,u
a5 19 Ky— €P;; Py~ Py 4, az,; none A 4, @y, gy
€=1 (e=x1]

a5 o Fie(=K+Ly; A, a3, none afya;y
e=1le=+1] Py—-P,

a,13 F;P, A, as,s5 none ai,1,94,3
Ry F —dKy; A, ag,s none g, 0,08 g
d>0,d=1[d=0,+1] — Ky + Ly

a4 1 F - dK,;P, A, 3,3 none ayy,ad 4
d>0,d=1[d=0,+1]

a,15 F - K,;Py A,y a5 none ay,9,84,12
a5, 45 F ~ €Ky, A, g5 none Gy 2,0,1
€=1[e=+1] — Ky + Ly

as, g F—Ky+e(Py—P,y);P, A, as, none ay,2,9,3
e=1*[e=11]

as 1 F—K)+e(Py—Py):~K +L, A, a; q none &y 5,af 9
e=1x*[e=11]

af 17 F+dLg; P, A, as,s none ai,3,94,
d>0 ld=0]

af.qs F+dEKy; P A, a4 none af, gy, 11
0<ldl<1[d=0,21] _P,

a8, 19 F—K,+e(Py~P,); A, a none a5, a1
e=1*{e=41) 3Py + Py

af g F+}Ky; - K A, self none af g, al/§
e=1[e=x1] +Ls +e(Py+P,)

ay 01 =by 4 F+Ky;Py—P, 4, bs,1 none ag,11,9,12
1,1 F Ay a4, F

ay, g K, Ay ~ay K

a2 Py 44 as,¢ Py

ay , —Ky+Ly 44 as g ~ Ky + Ly

ay,3 Py Ay as,z Py

af, 4 Fie(—Ky+Ly) A a1 Fte(—K +Ly)

€=1[e=+1]

Ef'4 K2—€P1 A1 a?,l KZ_EPI

€=1le=41]

af s ~Ky+ Ly Ay a8 13 ~Ky+ Ly

€=1xle=41} +e(Py+P,) +e(Py+ Py

ai,e Li+ePy Ay az s Ly+eP

€e=1[e=411

af 4 F+elL, Aq @z, Ftrely

e>0 [e=0]

af g F+eK, Ay a6 F+eK,

D<e<l(e>0]

af,y F ~K, Ay ass F-Ky,+e(Py—Py)
€=1[e=41] +e(Py~Py)

2,10= 44,1 Ly 4y dy,q Ly

ay,11=b1,4 Py~ P, Ay by,1 Py—- P,

ay,=by 5 F+K, A by, F+K,
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TABLE V. Subalgebras of the optical algebra LOpt(2,1).

Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
1
by,q WKy, K,, Ls, LOpt(2,1) self XT[MQK, +% (Ky — Lo)M? D15 05,25 b5,1
M,Q,N 9 2
2% — (K, + L)@ gy + K} + K§ — L} bs, 2
be, 1 ;K3 Ky, Ly, LSchy by [MQK; +§ (K, — Ly)M? b5, 10 04,1504,
M N
2@, 3Ky L)@ g+ NUG + K — LD, N
2;6'2 =ag; W, KK, + L, self none 35,3’35,:1, 35,5»
M,Q,N - =
r bg,Gst,T’bs,z;’Fi.B
bs, 1 { Ky, Ky Ly} Ay gF A, self Ki+K}— 13 ba1sPs0s Dy o by 1
& {w;n}
bs,s W, Ly;M,Q,N A a1 self (Q*+ M! +4NL,)/N LI PR PR PLEN
be,3=a5,0 WK Ky+ Ly, Al 3 B, M+ 2N{Ky v Ly) Ba,50 01,100 By 6
M,Q,N
b5 4=as,, Ky:Ky + Ly, Aglg B, N D4,7584,100 Oy, 15
M,Q,N
By, 5=a;,3 W, Ky + La; Af 30 B, 2(K, + Ly) + M*/N RN IR NIRTRO AT
M,Q,N
Bg ; = aflyp/i-o W+aK, K, + L, Al bg, [p7° - 2N (K, + Lg)Inet 54,10:53?1353?17,
a=0,+1 M,Q,N by gsla==14)
b5, 7= a5, 5 W— KKy + Ly, Al By, 72 + 2N (K, + Ly}l / N 54,10: IRTH Bytosba,gs
M,Q,N
B5,6=0a5,5 W KKy + Ly, MyN - AV BY/2 self Ky~ LyN/M* B0 Ps, 75 be,1 By
& -_— —_—
Dy 501,95 Dy,125 0413
5,9 as, W, KM, Q,N Ay 56 self [QAM + A1Q — 2K (W+2K,)1/N B4,55 04,81 04,155
54,16,32,17
S 9 - —
ba,1 NO{Ky, Ky, Lo} AT Ay bs,1 N, K{ K~ 1} by, 55 03,50 00,1
by, W& LKy, Ky, Ly} Ay A g selt W, K{ +Ki- L 5,59 03,15 80,
bd,:} LyQ,M,N A4,10 b5’2 N, A +Q2+4L3N . (}3’2,1)2’1
8, W+bLyQ, M, N AYY, b5, none bag, 0,4
h>0xb=0] _
by, 5=ay,15 wiQ,M,N A}l,g b,y none byos by ts
By, 6= a4, MO {W+ KK, A1@A3’4 128 M,N(K,+Ly) 33,4,5:3,5953,5»
+ Ly, N} Ds,165 D3, 17
o . ’ " -
By1=au N {K:Ky+ Ly, M} Ay AYE By, N, Ky + Ly)/ 31 D315 05,80 B3, 9
’7:;,19, b:ié,i_’O
by,~ay,, Ky+ Ly {w;M, N} AT AVl Bs,5 Ky+ Ly, M%/N Bs,: 55,50 03,0
B3.19: 05,10
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TABLE V. (continued)

Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
By,5=ay5 {w+ KN} 4,94, self none B,55 53,00 b3,175
3 {KI ;]W} Z'3, 9 EB,iZy
by 155 b3,190 15, 22
by~ ay; {W+ KKy + Ly} A4,P4, self none B3,5 03,60 3,15 03,95 b3, 125
& {w.ar} 53,13;;3,19, B%,2
34,3?‘14,6 {Ki;KZ +L3} AZ@AZ self none 33'7,53’7, 33’3,
@ {w;n} by, b3, 150 b3, 165 55, 22
by, 10=au,q Ky + L3, @M, N Agq b, 2 N,M?+2N{K; + L) B3,2 03,45 b3, 10
byq ~aily W—K+Q: Ay 55,7 Nexp(~M/N), b3,1003,11
Ky+ Ly, M, N CN(K, - Ls) + M?)/N?
by p=ayy W~ Ky At a4 M/N,(Ky+L3)/N 3,403,123 b3, 129
+ ¥ 3
Byt Ly, M, N B3,131 B3, 145 bayts
7 13 =afp/ e W — bK;: A2 bs,s N2 g Nb/ (K, + Ly) By, 4003150 =~3), B8 1
0<ibi<1 Ko+ Ly, M, N by, 150 == 30,5350, 63 5,
[h=0,+1]
b5,14=05,1 W e (K + Lg); Ay g b5, none b30s b5 20
€=1x[e=41] M,Q,N
[ZRTRLINE KM, Q,N Ags B;,q N, QM +MQ +4NK; b3,2, 53,9
By g -G, W+ K, M:Q,N Al g Bs, 9 none by, 253,55 D3, 115
B3,12
B yp P W—bK;M,Q,N  Alpvas 550 none B304 03,15 (0=3), 73’3”,22
h>0,b=1
By 18~y W —3K;; AY3 B3 none B3,100 83,015 0 315,
Ky+L,+Q,M,N
3,1 Lyt {w.n} AT 4, self Ls Ba,1 02,2908, 30 02,4
b3,2= 3,25 @, M;N Az q be,q N by, s
by,5= 034 1Ky, Ky, Ly Az 6,1 K}~ K3~ L 52,4351,6
by =as, Ky + Ly, M,N 34 ag,q Ky+L3M,N By,65 02,60 02,75
_ 52,3 b2,8
by,5= 13, M= {W+K; N} ADA, 17 M 52, 5 32,6, By, 13 bo, 14
by 5~ay s MEW + Ky AD A4, by A 32,5,32,5,172,13,52,14
Ky+ Ls}
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TABLE V., (continued)

Name and

range of Isomorphism Maximal

parameters Generators class Normalizer Invariants subalgebras

by o~as W KD A9 4, self W+ K 52,5502, 90 0,129

{w—Ky;M} [ZATRIRTR

ba,17

By, ~as,y W O{K, K, + Ls} A© A4, self w b2, 45 B2, 9 b, 105
52,13:-52,1%
B8 19

by 1=ay K, {w:n} AP 4, self Ky by,43 82,90 52,105
bo,13: 88,49

by g=ay, NO{K:Ky + Ly} 494, [ 2% N ba,4:b2,8: D, 10
8,20

by~ asg Ky + LD {w;N} 4,94, [ Ky+Ly by,1s02,8: 50,10
b5, 20

by, 9=a3, N@ KM} 4,9 4, by N b3,65 02,100 B2, 175
BS,15

by g~as ¢ K+ Ly {w: M} AD4, by Ky +Lg by, 63 b2,100 b2, 175
b5 15

Bs 10~y Ky+Ly+Q,M;N Ay B N ba,g D21t

By, 1 ~asly WK+ M;Q,N A By 11 Nexp@/N) by6r 02,14

B3,12=8;,10 W—K; M, N Az bs, 9 M/N ba,6s D2,125 D,13

B340~ 83,10 W— Ky K+ L, M Ass ~bs,9 Uy + Lo)/M Ba, 60 02,125 b3,125
by,13

By, g5=a3,11 W—K;Ky+Ly+ N, M Ass a1 (K, +Ly+N)/M Bo,75 89,120 b2 12

b3,10~ 3,1 W—Kp, Kyt Ly~ N,M - Ay ~ayg Ky + Ly = N)/M B2,80 52,125 b2, 105
by 135 b2, 15

b3,15=a3,1 WK Ky+ Ly, N Ass By, (K;+ Ly} /N ba,gs b2,125 b2, 135
by,139 02,15

By, 16=a3,15 W+ K(;Ky+ Ly, N Ay y Bs.s N{(K,+Ls) by,35b2,135 B2,13

B, 17~ a5ty WKy + MKy + Ly, N Az g by N(K; + L) by, 55D, 145 U2, 14

Bo o= W+ 3Ky M, N A 3 NM by ¢, b3, b}

03,13 743,15 1:M, 3,4 4,8 2,61 07,165 03,19

E3,13 ~as,i5 W+ 3K Ky + Ly, M Az bys M(K,+ L) By6, b3 {d byl

bs3,19=a3,15 WM, N A% s M/N boyas b6 D210

by,19~ 3,16 Ky Ky+ Ly, M AY: bss M*/ Ky + Ly) By 45 b2,60 9,17

B8 20 =as g9 W+e(Ey+ Ly AY3 by, MY/N by, 55 03185 05,20

e=1*[e=x1] M,N

b5, 00 ~af, 17 K+ eN;Ky + Ly, M AY? By, M2/ (K + Ly) Ba,00 b5,180 D820

e=1x[le=zx1]}

bs,01 ~ a5l W—3K;K+ Ly+ Q,N AY3 self (K, +Ly+Q)*/N Ba115 b3/t B,
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TABLE V. (continued)

Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
2 % 26/(1=c) B, . Bsc. Br
B8, 50 ~digiyle-d W+ cKy Ky + Ly, M Al h='¢Tcls —l<c<d by (K + Ly)M?e b2,6, 55515, b5
c*0,3,:1 -~
h=0201 ,c>3or c<~1
o - P o - -
=y W~ cKy;M,N Al h=cg_l ,—3<c<l by MN=let by,6:05, 16, 65,19
=0, +1, -3
e ’ h=——c+1,c>lor c<-3
BS 03 = di/ i W~ cKy;Ky+ Ly, N A8 ¢ () (Ky+ LyN=® B3, b3, 195 83,19
O<lel<1 [e=0,+1l]
b2,1 Ly, N 24 b3,1 Ly, N by,1s 01,20 01,45
By
by, W, L 24 self W,Ls bf,svb1,5:31,e
b%, 3 W+dLy;N A, by, 1 none b‘{'3, by,4
d>0 [d= 0]
ba,4=82,21 WiN Ay bs, 1 none bi,anby,s
by, 4~ a3, KKy + Ly A, ~bs,4 none By, 40y, 5
By,5=, W+ Ky, M 24, By6 WK, M B1,2: 81,80 By, 10
Ba,6~ a0 Ky+ Ly, M 24, ~Bg o Ky+L3, M by,4sD1,8, b1,
by, 5= 5,2 M,N 24 2% M,N b1,45B1,8
By, 1=ay,4 Ky+Ly+N,M 24 as Ky+ L3+ N,M 51,5:b1,8
by, 5~ a5 Ky+Ly—N,M 24 ~Bs Ky+Ly—N,M by, 451, 5, by,3
2%
beB:a2’5 K2+L3’N ZAi ES,B K2+L3$N b1,4)zi,4,bl,89
By,
by, 9=a, W, K 24 self W, K b1.5,51,5=51,7s
BY 12
b2.10= 32,8 K, N 24 33,7 Ki,N b1,45B1,50 By 13
b2,10~ 82,8 W, Ky + Ly 24 Bs,q W, Ky +1L; b1,4s 01,5, b1,13
b2, 11~ a5 K+ L3+Q,N 24 53,20 Ky +L3+Q,N 51,45 b1,11
b3,12 =d2,10 W- &M A, 129 none By,7,Dy,4
by, 12~ 3,10 WKy ;Ky+ Ly+ N Ay ~B3 ¢ none Bi,1,b1,8
by,13=a2,11 W+KN A, By, none b1,4 55,7
by, 15~ a,11 W— Ki;Kp + Ly A, by,s none by,42 01,7
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TABLE V. (continued)

Name and

range of Isomorphism Maximal

parameters Generators class Normalizer Invariants subalgebras

By, 13~ @14 W+K;Ky+ Ly A, byg none b1,45 b1, 7

By,14~ ah,12 WKy + M, A 3,5 none hi,aP1,10
Kyt Lg

52'14 "“13112 W+ Ky + MN Ay 33'5 none b1'4,31’10

52,15302,13 W—Ky, A, ~ag s none 7’—1,7’51,9
Ky+Ls—N

3‘2”16 :&(2',11?/“"‘” W - dKy ;M A, 33’6 none By, 5‘1’, "

0<ldl<1 [d=0,+1]

by, 11= 02,15 Ky;M 4, By, none by,5s b1,

b2,17 ™~ a3 15 WM Ay by,s none Bi,5s 01,5

55,18 =a$, 1 Ki+€N:M 4, —’;3,9 none 7;1,8931,13

€=1x[e=11]

b, 15~ a8,15 W—e(K,+ Ly);:M 4, b3,9 none By,5, 55,13

€=1%[e=211]

32’19 ~a(21"1!2/(1+d) W —dK;N A, 33,7 none bi,15 3L{,12

d>0,=1

b2, 19 Na(zi,'f%mm W - dK;; Ky + Ly Ay by q none 51,4, b .10

d>0,=11d=0,+1]

b%,20=a5,19 Ky +eN;Ky+ Ly Ay 2% none by, 45 by, 13

e=1*[e=11]

13'20~a§'19 W+€(I{2+L3);N A, b3,8 none ”1,4,5f,13

€=1x[e=41]

32'21 =a'2'§20 W-—%Ki; A2 self none 51'11,7)%'/132
Ky+L3+@Q

bi,l L+ N A1 b2,1 Lyt+N

by, Ly—N 44 by, Ly-N

bf,3,e>0le = 0] W+eL, Ay by, W eL,

by,4= 4,14 N A4, ba,q N

by,a~y,11 Ky+ Ly Ay ~ b Kyt Ly

by,5=0y,1 w Ay by, w

by,5~ a1 Ky 4y ~ by, K

B1,6= 01,1 Ly Ay 24,1 Ls

by7=ay, W~ Ky Ay ay,q W—K;

by5=a,2 M Ay 5,8 M

51,8'\'“1,2 Ky+Ly+N Ay ~bs. Ky+Lz+N

by9=ay,3 Ko+ Ly=N A4 as,7 Kyt Ly—N

by,10~ a1, W+ K +M A, b5 WK +M

By, 11 ~ats Ky+L;+Q Ay by, 20 Ky rLy+@Q

2;5’12 = dil=p/t+a W — ek, A Fz' 9 W —eK,

0<e<1l le>0, =1]

By,13=a}, K{+N Ay 32’10 K +N

Ei’ﬁ;:ai’g W+elKy+ Ly) Aq 52,10 W+e (K, + Ly)

€=1[e=4+1]
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TABLE VI. Subalgebras of LO(3) D LOR).

Name and
range of Isomorphism
parameters Generators class Normalizer Invariants Maximal subalgebras
41 DD{4,B,C} 7 A,DA, self D, A +B*+ C €315 Cos1
31 .A,B,C Ay Ca, A2+ B2. C? 1,3
2,1 D,C 24 self D,C 01,1’4,2,51,3931,4
CI,I D A1 C4’1 D
=) D+eC Ay 2,1 D+eC
e>0,=1
ERELR ¢ A 4y, c
51’4:e1'1 A+D Ay €41 A+D
TABLE VIIL Subalgebras of LO®) PLO@,1).
Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
dy 4 c%{D,E,F} AB A, self C,D* - E'—F? dy, 15y, 00 s 5
dyy ;D,E,F Az g dyy D'-E*-F* dy, 1,4y,
Ay 2= 5.5 Cc®{F;p+E} AS A, self c dy, 128y, 05,0, F 5
s,y =ay C,F 24, self C,F dy,g,dy 5 &, g
dy g =ay C,D+E 24 dy C,D+E dy, 14 dy 5, g
dy3=0Cqp c,D 24, self c,D dy,15dy,2, %, 5,48
dy 4=a5,43 FD+E Ay dy; none dy, 18y 5
dgﬁ:ag,ﬂ F+dC.D+E A, s, none ‘_11,59 ;Z?,S
d>0 [d=0]
dy 4 c Ay dyy ¢
dy,2=¢4,9 D Ay cu D
df':}:(,f,z D+eC ‘Al d2'3 D+eC
e>0,%1 [e=0,+1]
= F
‘_5:,4 =ay,4 F Ay 44
d,,5 =ay 4 D+E Ay as,q D+E
df g=af:, €>0 F+eC 4 asq F+eC
& 1 =af C+e(D+E) A ay; C+e(D+E)
€=1le=41]
di5~eq, D+eC Ay ~e4 D+eC
€=1[e=21]
TABLE VIII. Subalgebras of 1.0(2,2).
Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
€1 {44,4,,45) Az DAy, self A} + A7 - A3, 55,1,35,1,64,1,;1,1,53.8
@{;81,82,83} B§+B§-B§ 53.9
es,1 =bs,q {AnA -4y} AP Ay, self B} + B — B} €4,25€4,3: 04,4 €3,4
& {;Bh By, By}
251 {44,4,, 45 Ay,,P 4, self Af +A3 — A3 54,2’54,3:34,4, €54,
S {32 By —Bs}
€41 A9 (B, By, By} 4,94, self Ay, Bf + B}~ B} €3,11€,4: €2,
241 {:4y,4,5,4,} ® B, Ay ,0 4, self A} +A} - AL, B, 3,10 83,00 20,6
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TABLE VII. (continued)

Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
54,2:114’6 {454, - 45} AZ'EBAZ self none 53'2,?3,2,53'3,53'3,
©{B,:8,- B3} €3,55€3,60 €87
€4,3=by,1 Ay —4)P 4P 4, 5,1 A; ~ Ay, B} + B} - B} 5,15 €3,31 €2,
(§B1s B,, Ba}
s {Aq, Ay, Ag 4,94 ~T51 A}+ A} - A%, B, - B, @315 05,3 02,4
®(B, - B,)
e,1=b4, A,9{;B,, B,, B;} 4%P4,, self Ay, B+ B} — B} 93,1:33,2,52,5
:4,4 {41, 4,49 B, 43594 self Af+A}- AL, B, 53,1,53,%:2,5
e5,1=by,3 3By, By, By Azg €g,1 B}+B}— B} @y, 15 91,1
2 AL, Ay Ay Agg egq Af+Aj - A} €3,75 91,1
€50 =43, B, P {44, - A} AP 4, self B, €322 €2,35 €2, 75 €2,10
N AT
Z3,2 AzEB {leBx - Bs} Ai@Az self Ay 32,2:32,3:%,?, gz,ios
&0
Gy 5=ay, (4, - AP AP 4, 0 Ay~ Ay 15 62,3 €3,75 95,13
{By; By - B3}
ey (By - By® Aba, €42 By -~ B; 5,10 €2,30€5,7, 5,13
{4y; Ay - 45}
e3,4=b3,1 B,®{Ay4, ~ Aj} 4,9 4, self B, €345 92,55 €2,75 @812
€54 A;,9{By;B, - B} 4,%4, self 4, 210 €2,51 02,7, 68,12
€55 =a5,4 Ay + By Ay Ay, As,s 24,2 (Ay— Ay /(B — By) 3,15 €2,85 €2,8, €2,105
By~ By 10 N
€3,6=3,13 Ay — By - 43, Az 5,5 (41 - 4;) (B, ~ By) 3,152,105 €2,10
BB,
7, = e A+ CBy; Al e, (Ay - A7) (B, - B) CNNE AT At
0<lcl<l [c=0,+1] Ay— Ay, By — B, h=c, lcl<l
h=1/c, lcl>1
€3,5=d, Ay — By, Asg dy A1 =B+ (4, + By’ @2, €1,13
A,+ By, A — B, — (4, -B,)"
€3,9~ 3, Ay + By, A, + By, As,s ~ay, (4 +By)* + (A + By €380 1,14
Ay+ By — (4, +B;)?
€51 =55 Ay — Ay, By — By 24 as,q Ay —~ Ay, By — B3 51,3,51,4’51,1051,10
€y0= Ay B, 24 self Ay By Ea,z,gf.s,zx,nygl,u
€y,3= 4y, By, Ay -4, 24 €3, By, Ay - Ag 51,6951,10’§1,11
§2,3 Ay, By — B 24, 23,2 Ay, By ~ B3 ?1,6,31,10,51,11
€,4= byt Ay —A3, By 244 €3, Ay ~Ay, By 21,15 €1,15 €185 €1,10
52,4 Az, By — By 24, e Ay, By — By 61,1731,7,2,8»2,10
€,,5=b3,2 Ay, By 24 self Ay, By 8,10 €0, 901,11
o5 Ay, By 24, self A, B, er,1s 08,0 €111
€5,6~ Ca,1 Ay, By 24 self A3, B3 €1,1» 21,15 ¥, 125 ©1,13>
€119
€y,7=by4 Aghy — 4y Ay 5,1 none 1,105 €1,11
g2,721’2,4 ByBy — By A, 55,1 none 31,10:51,11
5,5 ~s,10 Ay + By A, ~ay s none €;,0,€1,3
—~A;+A3— By + By
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TABLE VIII, (continued)

Name and

range of Isomorphism Maximal

parameters Generators class Normalizer Invariants subalgebras

€,5=ay,43 Ay, +By; — A+ Ay A, s none ¢, 21,
+ By — By

€2,10 =y, 11 Ap+ By — A+ Ay 4, ay 5 hone 21,2, 61,10

210 A,+B,; — B +B, A, ~ays none 21010

Eﬁi,u :“(21,-1‘%/(“@ Ay dBy; — Ay + Ay A, 23'2 none E‘i‘,ﬁ,_é‘,w

d>0,71

?‘2"11 Ay +dB,; — B+ By A, 33,2 none (_"11,;,,2'10

d>0,=1

ef =08, Ay —dBg; — A+ Ay A, 3,4 none el50€1,10

d>0 ld~0]

ERE By —dAy; — By + By Ay €54 hone ;{1,9,,?1,10

d>0 [d -0}

€5 1377a5,19 By +e(d;~4y); 4, 53,3 none El,ejx,w

€=1le=41] B, - B,

z5,13 Ay +¢(B;— By); A, gs,a hone 31,6151,10

e=1le=4+1] A A,

1,1 Aj Ay €y, Ay

e, B; Ay 4 By

e,y =ay, Ay + By Ay a,y Ay + By

51,3"’“1,2 — Ay +Ay;—By+ B A, ~as ¢ - A +A;~ B+ B,

€1,5=ay,3 ~Ag+ A3+ By — By Ay as,s Ay +A4; By~ By

Zf,s - agl'%e’/(l*e) L0 <<l A, +eB, A 52’2 Ay +eB,

[e>0,=1]

e,6=al,g By — Ay + 4y A ¢, By—A,+ A,

e Ay — By + By 44 e, Ay~ By 1 By

'51'7 =by 4 — Ay +A;+ By A, 5 — Ay +A;+B,

ey, —By+B,+ A, A Ay — B +By+ A,

21,57 01,2 ~ Ay Ay - By 4y €4 —Ay +A;— By

§1,8 —By+By—4; Ay ?2'4 —B;+B,—4,

{50y, ©€>0 Ay, —eB; Ay @ Ay~ eB;

% 0,020 B, —eA; 44 ?2'5 B, - e4,

€1,10="b1,4 — A+ Ay Ay - ~ A+ A,

?1,;0:7)1,4 — By +B; Ay ~ by, — By + By

El,ll =by,5 A, Ay €4 A,

1,11 tzl,;’: B, Ay 34,4 B,

Ef,n"’cilfze)m_é’o <lel<1 A, +eB; 4 Ez,e A;+eB,

e=0,41]

1,137 Oy A;— By A €41 A; - By

C1,1q~dy g Ay + By Ay dyy A3 +By

2283 J. Math. Phys., Vol. 18, No. 12, December 1977

30

Patera et al.

2283



TABLE IX. Subalgebras of LO(3,1),

Name and
range of Isomorphism Maximal
parameters Generators class Normalizer Invariants subalgebras
S Ly, Ly, Ly, Ky, LO(@,1) self 12 - K%, (L,K) 1?4,1,]73,4,]?3,5
Ky, K;
Fia=ag17 K, Ly; A self none j73’1,f_3’2,j—"3"‘,3,ﬁ,2
Ly~ K3, Ly +K,
F3,1=a3,4 KyiLy— K3, Ly+ K, Ag Fat (Ly—K3)/ Lyt Ky) To1a72,3
fse=asn LiiLy— Ky, Ly + K, Agg as,q Ly — K + (Ly+ K)° Toisdint
f§'3:a§’23 Ky ~cLy; Ly~ Ky, Aﬁ/ﬁ JF4,1 [(Lz'Ks)z 72,1’.7?1”,4
c>0 [c=0] Ly+ K, = (Ly+ Ky)¥e )
of La—Kq =iy + Kyl
) Ty —Ky+i(Ly+Ky)
Faoavasn Ky Ky, Ly As,g a4 Li - K} — K} Ta,5571,8
F3,5=c3,1 3Ly, Ly, Ly Ayg ey, Li+L3+13 f‘l'1
Sa,1=ay,4 Ly~ K3, Ly + K,y 24¢ as Ly - K3, Ly+ Ky 71,3
Sfoa=ay Ly, Ky 244 self Ly, Ky S 0oft,20 7
Jo,37 8,10 KLy~ K; Ay ay,; none Fi,0001,
S,1=41,1 L, Ay dy,y L,
f,2=01,1 K Ay Ay K
Sua=ay,e L, -K; Ay as, g Ly - K
ffa=af,,e>0le=0] Kj-ely Ay Fore Ky —ely
TABLE X, Subalgebras of the irreducibly embedded LO(2,1).
Name Generators Isomorphism class Normalizer Invariants
83,1 3Ky, Kyy Ly Az self Ki+ Ky~ 13
22,1~ 8 2 KoKy — Ly A, self none
g1,1~¢cl Ly Ay ~ €1 L,
81,2~d,; Ky — Ly Ay ~al g Ki—Ls
2,3 ~all} K, Ay ~ay K,
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Not even UG students
should have to work so hard.
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[IOITOGEITEQUS
LORCOTZIRN
[TATTITOLDY

(the smart way)



We observe that SO(N)xXS0O(3,2) is semisimple
for N>2.

y
Theorem

Let M be a lorentzian manifold with the transitive

and isometric action of a semisimple Lie group G.
Then either

(1) the action of G is proper; or
(2) M is the product of (anti) de Sitter space with a
riemannian homogeneous manifold.
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\/We already classified Freund-Rubin AdS
backgrounds.
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\/We already classified Freund-Rubin AdS
backgrounds.

s/There are no dS backgrounds.
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\/We already classified Freund-Rubin AdS
backgrounds.

s/There are no dS backgrounds.

s/lf the action of G is proper, then H is
compact.

35



Revised problem

-

Classify compact Lie subalgebras

h C so(N) & so(3,2) dimb = (

N
2

)-1

for N=5, leaving invariant a lorentzian inner

product on g /.

J

In particular, § C so(IN) @ s0(3) @ s0(2)
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Because |y is compact, it is reductive, hence
g=hom
where [h,m]cm. Also b leaves invariant a positive-

definite inner product 3 on m, and every h-invariant
lorentzian inner product on m is of the form

B - e
for some f-invariant & in m.

In particular, unless there are nonzero [j-invariants in 1, there
is no fj-invariant lorentzian inner product either.
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What we did last summer...
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JCIassiﬁed compact Lie subalgebras of s0(3,2)
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What we did last summer...

JCIassiﬁed compact Lie subalgebras of so0(3,2)

JCIassiﬁed compact Lie subalgebras of so(IN)
for N=4.,5,6,7. (No need to do N=8))
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JCIassiﬁed compact Lie subalgebras of so(IN)
for N=4.,5,6,7. (No need to do N=8))

JCIassiﬁed fibred products of the right
dimension yielding all possible b.
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What we did last summer...

JCIassiﬁed compact Lie subalgebras of so0(3,2)

JCIassiﬁed compact Lie subalgebras of so(IN)
for N=4.,5,6,7. (No need to do N=8))

JCIassiﬁed fibred products of the right
dimension yielding all possible b.

JDetermined h-invariant lorentzian inner
products and fj-invariant 4-formes.
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N=7/

There are no compact subalgebras of the
right dimension, assuming that so(3,2) acts

effectively.

Otherwise s0(3,2) acts trivially, in which case we can take

SO(7)/SO(5), which does have an invariant lorentzian metric
and even invariant fluxes, but they do not satisfy the
supergravity field equations.

39



There are no compact subalgebras of the
right dimension, assuming that so(3,2) acts

effectively.

Otherwise s0(3,2) acts trivially, in which case we can take

SO(7)/SO(5), which does have an invariant lorentzian metric
and even invariant fluxes, but they do not satisfy the
supergravity field equations.
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N=6

If s0(3,2) acts effectively, then
h=s0(5)®s0(3)®s0(2),

but there is no lorentzian invariant metric on

such a homogeneous space.

N

If so0(3,2) acts trivially, § = s0(3)® so(2). There are 5
inequivalent so(3)®so0(2) subalgebras of so(6), 3 of which

have invariant lorentzian metrics and invariant fluxes.
(Still must check the field equations.)
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If s0(3,2) acts effectively, then
h=s0(5)®s0(3)®s0(2),

but there is no lorentzian invariant metric on

such a homogeneous space.

N

If so0(3,2) acts trivially, § = s0(3)® so(2). There are 5
inequivalent so(3)®so0(2) subalgebras of so(6), 3 of which

have invariant lorentzian metrics and invariant fluxes.
(Still must check the field equations.)
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Here s0(3,2) has to act effectively, by dimension.

There is precisely one possible subalgebra of the
right dimension:

h =so(4)ds0(3)
and there are invariant lorentzian inner products.

The resulting geometry is

St x X7 X7 280(3,2)/S0(3)

4]



[I0IOGLIEOUY
[1=) (7)
DACKGROUTDS



d=11 supergravity backgrounds
(M, g, )
(M, g) lorentzian spin manifold
FeQ*M) dF=0
dxF =ZFAF

Ric(X,Y) =1 (xF, iy F) — $|F|?¢(X,Y)

N |

Not unlike Einstein-Maxwell theory
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Homogeneous backgrounds

M=G/H

g <> H-invariant inner product on g/
F < H-invariant 4-form on g/

Field equations become algebraic equations
in these data.
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The backgrounds in question are all of the form
St x X7 X7 2850(3,2)/SO(3)
50(3,2) =s0(3) &m m=V &V d W

Vs =irreducible spin s module of s0(3)

The most general lorentzian metric has

four parameters: 1,72, 93, Y0
S

radius VieWw v1,2.3 > 0
of §* Vo

Yo < 0

Used normaliser of so(3) in 50(3,2) to diagonalise inner producton V7 @ Vj
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There is a 6-dimensional space of invariant 4-forms:

SO(3) SO(3)
) )

(A*m = Rw? & S°R* @ (A°V] ® Vo

and the volume form on S”

w = SO(3)-invariant symplectic form on V; © V;

Finally we use the homothety symmetry

g—tg F s 3F

to set gy = —1
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In summary, we have a number of (almost
polynomial) equations on 9 real parameters:

V1,72, 7Y3, P1, - - - 6 v1,2,3 > 0

The Maxwell equations:

1/2 1/2
Y %0193 Y203 [2vs vy o
e SR 7 - T = 1/2 | P4
3Y1Y3 Y3 Y2 YiYs
1/2 1/2
. 73/ P192 Y392 [ 2y2 Yz/ OF]
VT ) B0 vy T 212 | 95
3Y1Y2 12 4% s

P1 2
0= 25 ) Qg .
2 1/2_1/2
(71 72/ 73/
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In summary, we have a number of (almost
polynomial) equations on 9 real parameters:

V1,72, 7Y3, P1, - - - 6 v1,2,3 > 0

The Maxwell equations:

4 ' j )
Y, 910 Y29 2vs  v3' o
e N 2 / - /¢ T ; 1/2 P4
3v1Y ) 2 v1Y;
s — Vst @16 Y3p2 [ 2y2 5 Y, 2 @1 0
’ B2y Y2 Y3 y: Y-
\ (172 i )

P1 2
0= 25 ) Qg .
2 1/2_1/2
(Yl 72/ 73/

5 172 172 P2

W =

— + and

P3 ()
| ¥ -
5874

{ B 0.2 1r2 1/2 1/2
(273 v @1) va' 2 @1 (272+v2/ @1) v, 2 @1

Lo Ys o vivs't ) vivs
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The Einstein equations:

0 = 019293 (3vi(v2 +7v3) +2v/Y2v301)
0 = 3vi0g +v3v3(12y: — 01) + 3viv2vs ((v2 —v3)* — 1)
0 = (3v2vi +7391) Y293 + (3vavi +v201) V393 — HYiv2v308 + 6Y3v305 — 54v1Y3Y3

0 = 6Y1v303 + (v20% — 3v1v3) Y303 — Hiv2v3@2 + 3vavi0f + vivayi (vi — v — 6v2 +1)

0 = 6Y1v303 + (3907 — 3v1v2) Y303 — Hiv2v3@2 + 3vaviof + Wivayi (Vi — v — 6ya +1)

(some time passes)

When the dust settles we find three backgrounds,
and no others!
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An approximate background

v1 = 0.22776420155467458
vo = 0.4670546272324634

v3 = 0.12728016028858763
w1 = 0.14715771499261474
w3 = £0.27380714065085027

We know little else about this solution, except
that it has no additional symmetries.
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A circle’s worth of backgrounds

1

’yl:f}/QZfYS:g

1 1 1 .
— COS @, (3 = —=SInQ

891:—? P2 = \/g \/g

The 7-dimensional lorentzian geometry is
Sasakian, and the background has an extra
Killing vector: the Sasaki vector field.

The timelike cone is an 8-dimensional
pseudo-Kahler manifold; that is, of
holonomy U(3,1) c SO(6,2).
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A susy Freund-Rubin background

T2=73 =5 1=

2 4
3 9

_ 48
©1 = =9

The 7-dimensional lorentzian geometry is
Sasaki=Einstein. .. it has an additional Killing

vector and the (time-like) cone is pseudo-
Calabi-Yau;i.e., of holonomy SU(3,1) c SO(6,2).

The background is supersymmetric!
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A susy Freund-Rubin background

B _2 _4
72—73—3 W1—9

_ 48
©1 = =9

The 7-dimensional lorentzian geometry is
Sasaki=Einstein. .. it has an additional Killing

vector and the (time-like) cone is pseudo-
Calabi-Yau;i.e., of holonomy SU(3,1) c SO(6,2).

The background is supersymmetric!

However it is only N=2 supersymmetric.
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Killing spinors

fa — cla o) I=1,...,4 a=1,2
/ \ (symplectic Majorana)
geometric geometric
Killing Killing
spinors spinor Sasaki
on S* on LES vector
/ ﬁeld

la Jb] _ QIJ ab

Killing superalgebra: [c°¢, ¢ Y

50O(3,2)xSO(5) is an “accidental” symmetry.
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Still left to do...

g supersymmetry of
remaining backgrounds

g the AdS, backgrounds not of
Freund-Rubin type

g the homogeneous N=4
candidate backgrounds (most of the work
has already been done)

=) For completeness: those cases
where SO(3,2) does not act effectively
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