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Conformal superalgebra
of d-dimensional

CFT

Symmetry superalgebra
of near horizon limit

of (d-1)-brane

Underlying symmetry argument for AdS/CFT:

∼=
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Conformal superalgebra
of 3-dimensional

CFT

Symmetry superalgebra
of near horizon limit

of M2-brane

Underlying symmetry argument for AdS/CFT:

∼=
In this talk:  d=3

osp(N |4)The superalgebra:
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g = osp(N |4) g0 = o(N)⊕ sp(4;R)

Lie algebra of
 isometries of AdS₄

∼=
Lie algebra of

 conformal isometries
 of Mink₃

sp(4;R) ∼= o(3, 2)

This suggests classifying supersymmetric M-theory 

backgrounds with underlying geometry AdS4 ×X7
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X7 = S7/Γ ∃ Γ ⊂ SO(8)N ≥ 4 =⇒

Such backgrounds have been classified:

Morrison+Plesser (1999)
de Medeiros+JMF+Ghadia+Méndez-Escobar (2009)

de Medeiros+JMF (2010)

The group Γ is a fibred product of ADE subgroups of 
Sp(1).
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For Freund-Rubin backgrounds,
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Natural Question

Are there M-theory backgrounds with 
symmetry superalgebra osp(N|4) 
which are not Freund-Rubin AdS₄×X ?¿

NB:  Any such background would be 

N

8
 — supersymmetric.
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Homogeneity Conjecture

“ ”
M-theory backgrounds preserving 
>½  of the supersymmetry are 
(locally) homogeneous.

JMF+Meessen+Philip (2004)
JMF+Hackett-Jones+Moutsopoulos (2007)

Known to hold for type I and heterotic SUGRAs,
and for >¾ -BPS M-theory and IIB backgrounds.

Strong form: the Killing superalgebra already 
acts locally transitively.
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Assuming ( the s t rong form o f ) the 

homogeneity conjecture, an M-theory background 

with symmetry superalgebra osp(N|4) and N>4 

must be (locally) homogeneous under the action 

of SO(N)×SO (3,2).
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Programme

Classify (up to local isometry) 11-
dimensional homogeneous lorentzian 
manifolds with an isometric transitive 
action of SO(N)×SO(3,2) for N>4.

Identify those which give rise to eleven-
dimensional supergravity backgrounds.

Determine how much supersymmetry is 
preserved by the backgrounds.

(Work in progress with Mara Ungureanu.)
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Homogeneous 
Lorentzian 
Manifolds
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A (locally) homogeneous lorentzian manifold is 
(locally) isometric to G/H.  We are interested 
in G=SO(N)×SO(3,2) for N>4 and H a 
closed subgroup of G.  Since dim(G/H)=11,

 dim H +1=dimSO(N).

These are characterised by the following 
algebraic data:

dim h =

�
N

2

�
− 1

fixing a lorentzian inner product on g/h.  

h ⊂ g = so(N)⊕ so(3, 2)
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h ⊂ g = so(N)⊕ so(3, 2)

Every such h is a fibred product of two 
subalgebras h₁⊂ so(N) and h₂⊂ so(3,2) 
over a common quotient.

(Lie algebraic) Goursat Lemma:

h −−−−→ h1
�

�

h2 −−−−→ q
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Let’s meet the Lie subalgebras 
of so(3,2)!

Patera+Sharp+Winternitz+Zassenhaus (1977)
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y=(-f l ) 
P -g 

should have no real eigenvalues 

,_ -f-g± [(f_g)2+4lp]1/2 . 
1\ - 2 

A necessary condition for this is that lp <::: O. By inspect-
ing the subalgebras of GL(2,R) (the matrix y) we see 
that there are exactly four subalgebras containing 
elements for which lp< D. In the notations of (4.18) 
these are {W,Ku K 2,Ls} generating GL(2,R), {KUK2,L3} 
generating SL(2,R), {L3} generating 0(2), and {L3 + aW} 
with a* 0 generating a covering group of 0(2). All sub-
algebras of LOpt(2, 1), the intersections of which with 
GL(2,R) do not coincide with one· of the above four 
algebras, should be eliminated from our final ordered 
list [since they are already contained in LSim(2, 1)]. 
The only exceptions are those subalgebras that have their 
normalizer in LOpt(2, 1) and not in LSim(2, 1). Subalge-
bras of LO(3) EB LO(2) and of LO(2) EB LO(2, 1) should be 
considered next and those already contained in LSim(2, 1) 
or LOpt(2, 1) eliminated by inspection, as well as those 

TABLE IV. Subalgebras of the similitude algebra. 

Name and 
range of Isomorphism 

with normalizers elsewhere. The subalgebras of LO(3, 1) 
and LO(2,2) already leave a timelike or a spacelike 
vector space invariant, respectively. Those imbedded 
reducibly in LO(3, 1) or LO(2, 2) will leave some addi-
tional space invariant and thus already be contained in 
the previously considered maximal subalgebras. Hence 
the only subalgebras that will figure in the final list are 
those imbedded irreducibly in the corresponding four-
dimensional representation. Of these LO(3, 1) has none. 
LO(2, 2) just one-the previously established LO(2) 
EB LO(2, 1) subalgebra of LO(2, 2). The maximal sub-
algebras LO(3, 1) and LO(2, 2) themselves of course 
survive in the list. Finally, all nontrivial subalgebras 
of the irreducible LO(2, 1) are imbedded reducibly in 
LO(3,2). Hence they have already been classified. 

It follows from the above discussion that we need a 
complete classification of the subalgebras of the first 
maximal subalgebra in our ordered list and only partial 
lists of all the other ones. However, since each of the 
maximal subgroups of 0(3,2) is in itself of phySical 
interest, we shall classify all subalgebras of each 
maximal subalgebra and only in the end eliminate the 
overlap. 

Maximal 
parameters Generators class Normalizer Invariants subalgebras 

a1,1 F;Kl,K2,Ls,PO,Pl,P2 LSim(2,l) self (K1 P 2 -K2P j- L 3P OJ'j ae,1,a6,2,a!),7, 
(Pa-pr-PP a4,4 

aG,j ;Kj,K2,L3, LE(2,l) a1,j pij-pr as,l,a4,3,a3,24 
P O,Pj ,P2 K jP 2 -K2P j - L 3P O 

a6,2 F,K2; self none as,1,aS,2,aS,3' 
Kt -L3,PO, P 1,P2 ag,4,as,5,aS,6 as,s 

a 5,1 K 2;L3 -Kj , 
P O,P1,P2 

a6,2 pij-pr a4,1 ,a4, 7, a4,14 

a5,2 F-K2; A;!30 a 6,2 P O-P2 a4,2,a4,7,a4,13 
-Kt +L3,PO' P j 'P2 

a5,3 F+K2; A,30 a 6,2 a4,2,a4,7,at12, 
-Kj +L3,PO,Pj'P2 (Po -P2) a4,j8 

F+aK2; AI/a as,2 (P0-P2)2I(1+alj a4 t 7, at::1Q. al,16 (a:::= 5,30 
a>'O,± l -Kj +L3,PO,Pj'P2 (P5- P r 

a 5,5 F,L3 -Kj ; 

P O'PI>P2 
Ag,32 126,2 (Pij-Pr-PP/ 

(Po - P 2)2 
a4,7,aJ,S,a4,9. {14,14 

a 5,6 F,K2;PO, self (Pij - Pf - pi a4,1,a4,2,a4.S' 
P 1,P2 a4,6' a4, 9' at10 

a5,1 F,L3;PO'Pt , P 2 self (Pij - Pt - pij a4, 3, a4, 9, a4,11 , 
a4,17,a3,5 

a5,8 F,K2;L3 -Kj• A 5,36 self [(l,3 - KI)Pj/ a 4•5 ,i24,5,a4,1:3' a4,lh 
Po -Pz, PI (P0-P2)]+K2-F li4,14,at15' Q4,18 
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TABLE IV. (continued) 

Name and 
range of Isomorphism Maximal 
parameters Generators class Normalizer Invariants subalgebras 

a4,1 P I83 41 ttl A 3,4 as,s PI,Pb a:3,1 ,a:), 2' a 3,1:3' a1,U 
{K2;PO,P2} 

a4,2 p o-P283 AI El:J A¥.5 a5,s P O-P2, a3,1,a;J,G,a:l,7' 
{F-K2;PO +P2,PI} {Po+P2U pl 

a4,3 P Ottl{L3;PI ,P2} A I83Al,6 a 5,7 a:3,l' a;J, 21, a2,:J 

a4,4 FEl:J{;KI , K 2, L 3} A I\:jjA3,8 self a 3,.3,a3, 24' az, 7 

a4,5 {K2;PO _pJ83 A 2@A2 self none a3,2' a3, 3,a 3,4' a 3,'l' 
{F-K2;PI} a:), 10, a:l,U;' 

{F;P o -PJEB{F A2t±7 A2 self none ll3,2,a 3,;J,a:3,4' a'l,7,a:I,10' 
-K2,L3 -KI} 

...., - .we 
a3,15,a:J,lC' a3,19 

a4,6 {F+K2;PO-PJt± 7 A2wA2 self none a 
{F-K2;PO +P2} 

a4,7 L 3-KIo P O+P2; A 4,1 ae,2 ! -a:3,1 a 3,25 
Po -P2,PI 

ats F+E(L3- K I); A 4,4 a 5,5 {Po - P 2)2/ (P5 -pi - a3,1 
E=l [E = ± 11 P o,lf'P2 {Po -P2)€exp(Pl/ (P2 -po)J 

a4,9 F;PO'PIo P z AI,I 4,5 a 7,1 PI/PO, P 2/P O a3,1,a3,10, 
a3,11 ,a:1,12 

as 10 F-bK2; AI!O-b), (l+b)/O-b) as,s Pi! (Pij -pi - a, I a'l l'(b = 2) 
b >0, '" 1 P O,PI ,P2 

4,5 
plb(Po - P 2)/ (Po+ P 2) 

ab' ' 
:1,19, '1,20 

at 11 F+ bL3: Al/b,1! b a s,7 P5! (Pi I- pl), {Pi + a'l ')'j, 4,6 
b > Orb '" oj P O,PI ,P2 {PI' ip,)i {PI - iP2)-i t 

atl2 F+ K2 + E (Po+P2); A4,7 as,3 none at17,a3,25 
E=l*[E=±lJ -KI+L3,PO -P2,p! 

a4,13 F-K2: A 4,8 a s,8 P O-P2' (Po-P2) (F - K2) a3,7,a3,7,a3,25 
P O-P2, -KI +L3,PI -PI (-KI +L3) 

a4,14 K 2,P!: At9 a5,8 none 
:-- KI+ L 3,PO -P2 a3,25 

a4,14 F, -KI +L3; At9 
,.,. -I; .... -

a 5,8 none a:3,2, a:{, 9, 1 0' a 3, 25 
P I ,PO-P2 

at!5 O<lbl<l F+bK2: -K! +L3' Al9 a 5,8 none a 3,15(b 0 - 2) ,G'l,15(b -}), 
h:b,lbl<l b ;:'b -

[b "0 ,± 11 P O-P2,P! 
h = b-!, I b I > 1 

a:l,lS,aJ,lS,a.l,25 
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TABLE IV. (continued) 

Name and 
range of Isomorphism Maximal 
parameters Generators class Normalizer Invariants subalgebras 

at16 +L3 Al/ z a 1/ Z none a1;f9 4,9 5,4 
!=1*[!=±11 +dPo+Pz), P O-PZ'P1 

a 4,17 F,L3;Plo P Z A 4,IZ self none a 3,11,a3,Zl> 

a4,IS = b4,5 F+Kz; -Kl +L3, Al,s b7,1 none a3 • .!.6,a 3,16' 
Po -PZ,Pj a 3,Z5 

a3,1 P O,P1,PZ 3A1 a7,1 PO'PloPZ aZ,2,a2,h a Z,5 
a3,Z A 1EBA z a4,5 PI ;;2,1 ,aZ,2' a2,l1' 

a!,IZ 
a 3,z -Kl +L3 EB A 1EBAz a4,5 -Kl +L3 aZ,l' Q:Z,2' a2,1!' 

{F; Po -pz} atlZ 

a3,3 FEB {Kz; -Kl +L3} Al EB A z self F aZ,l,aZ,6,aZ,10' 

a3,3 K zEB{F;P1} A 1EBAz self K z llz, 1, az, 6' li 2, 10' 
aq,14,a2,15 

a3,4 F-KzEB A 1@Az self F-Kz az 6,aZ s,az 11' 
{F+Kz;Po -pz} '... 'd --

a2,11 , aZ,18' 02,21 

a3,5 L 3':B{F;Po} self L3 az 3,aZ r,az 13' , q' , 
a ,17 

a3,6 Po-Pz@ A 1EBAz a4,6 Po-Pz aZ,5 ,az,s, 
{F-Kz;Po+Pz} 1iz,zl 

a3,7 Po -Pz@ 
{F-Kz;P1} 

A 1EBAz a4 .5 Po-Pz aZ,2,a2,8,a2,15' 

a3,7 P O-P2 A 18Az a4,5 Po-Pz - -1 a Z,2 ,a2,g,aZ,15' 
{F- Kz; -KI +L3} 

a'3,S -Kl +L3 +E (Po+Pz), A 3,1 aY,a Po-Pz aZ,2 
E = 1 * [E = ± 11 P 1;PO-PZ 

a3,s K z - EP1; A 3,z a4,14 (Po-Pz)"" exp{(-K1 - , aZ,Z,aZ,IZ 
E = 1 [E = ± 11 -K1+L3,PO-PZ + L 3)/ (Po -pz)} 

a3,s F+ E (-K1+L3); A 3,2 a4,14 -, 
aZ,2,aZ,12 

E=l [E = ± 11 Ph Po -Pz exp{P1/ (P 0 - P z)} 

a3,10 K z; -Kj +L3' A 3,3 a 5,s (-K1 +L3)/ aZ,2' aZ,10' a2, 11 
Po-Pz (Po -Pz) 

a3,10 F;PhPO-PZ A 3,3 a 5,s P 1/(Po-PZ) az,z ,aZ,10,aZ,1l 
a 3,1l F;Plo P 2 A 3,3 a4,17 P 1/PZ aZ,4,aZ,10 
a3,IZ F;Po,Pz A 3,3 a4,6 Po/Pz aZ,5' a2,to, liz, 11, 

a2,13 
a3,13 Kz;Po,Pz A 3,4 a 5,6 a Z,5,aZ,1l 
aj,14 K z - EP1;PO'PZ A 3,4 a4,1 
E = 1 [E = ± 1 J 

a 3,15 F-2Kz;P1, 
Po-Pz 

A 3,4 a4,5 PI (Po-P2) a2,2, 14 ,n'2; 18 
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TABLE IV. (continued) 

Name and 
range of 
parameters 

E 1* [E = ± 11 

E = 1 [E = ± 11 

ag,19 
c7'O,± 1,-2 

C7'O,-L± l 

a3,zo 
c>O,C7'l 

a3,Zl 

E = 1 k=±lJ 

C >0 [c 7' oj 

a3,24 

a3,Z5=b3,2 

a2,1 

a2,1 

a2,2 

<1 2,2 

a2,3 

°2,4 

a2,5 

a2,6 

aZ,7 

a2,8 

ats 
E = 1 [E = ± 11 

Generators 

-K1+L3,PO-P2 

F+K2;P1 , 
P O-P2 

F+K2; -Kl +L3,PO-P2 

F+Kz +E (Po +P2); 
Po -PZ,P1 

-Kl +L3 
+ E (Po+P 2),PO -P2 

cKZ;P1, 
P O-P2 

F+cKz; 
-K1+L3,PO -P2 

F + cKz;Po, P z 

L 3;P1,PZ 
L3+ EPO;P j ,P2 

F + cL3;P lo P z 

;K1,K2,L3 
-Kl +L3,P1: 

P O-P2 

F, -Kl+L3 

K 2,P1 

P 1,PO-P2 

-Kl +L3, 
P O-P2 
L 3,PO 

P 1,Pz 
Po,Pz 
F,K2 

F,L3 

F-K2 , 
P O-P2 
L3 -K\ + E(PO+P2)' 

P O-P, 

Isomorphism 
class 

A1I2 

Ail 3 3,5 

h Cc 1 + c, - 2 < c < ° 
h = (1 + c)-I, C < - 2 or c> ° 

Ah3 _ h = _c_, c > _ 
,J c+ 1 

c+l 1 h=-C-,C<-2 

A (1"",) /(1+e) 
3,5 

A 3,e 
A 3,e 

A 3,s 

A 3,1 

2Al 

2Al 

2Al 

2A 1 

2Al 

2Al 

2Al 

2Al 

2Al 

2A\ 

2A\ 
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Normalizer Invariants 

self 

a4,5 

a4,G 

a5,7 

a 4,3 

a4,17 

a4,4 

b7,j 

rl 3,3 

a3,3 

as,2 

be, '2 

a3,5 

a 5,7 

a5,6 

self 

self 

a3,4 

at1S 

(-Kif LYI 
(Po-P2) 

(Po -pz)/t- K j + 1_, 
+dPo ,pz)j3 

(poePz) 
(Po- P2)<-1+e)/ll+c) 

(Pi + 
(PIC iPz)i (Pj - iP2)-i 

P O- P 2 

F, -K1 +L3 

KZ,P1 

P 1,PO-P, 

-Kl "-L3, 
P O-P2 
L 3,Po 
P 1,P, 

Po,P, 

F,Kz 

F,L'J 
F-K2 ,PO-PZ 

L:1-K\ + t{Po-P), 
P O-P2 

Maximal 
subalgebras 

18 

a Z,4,a1,10 

a2,4r ai, li 

((2,1,0'1, 

az, 1 0' at, 1 0 

a2,2,112,2 

a1,1,a1,2,at4 

al,h al,2,af,4 

al,2,al,l1 

al, '2, at,lt 

at,:>, ate, atriO 

al,2 

a1,2,a1,3,a1,11 

al,1,a1,l,af,8' 
al,12 

al,l' af, 7, at,t 0 

at ,al,12 

at 5' a1,11 
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TABLE IV. (continued) 

Name and 
range of Isomorphism Maximal 
parameters Generators class Normalizer Invariants subalgebras 

aZ,tO K2; -Kt +L3 A2 a3,3 none Qt,1,£ll,2 

a2,to F;Pt A z a 3,3 none a1,l,al,2 

a2,l1 K 2;PO-PZ A z a4,5 none at,t,at.11 

aZ,!! F;PO-P2 A z a4,5 none a1,1,al,l1 

K 2-EP!;PO-PZ A z a 3,z none ai,4. a1,11 
! = 1 [E = + 11 
-e F+d-K!+L3J; A z li 3,2 none at,4 ,a 1, 11 a2,12 
E 1 [E = ± II P O-P2 

a2,t3 F;Po A2 a3,5 none a1,1,a1,3 

F-dK2; A2 a 3,3 none - a a 1t 2,al,B 
d>O,d"'l [d"'O,± 11 -Kl -I L 3 

aq,14 F-dK2;P1 A2 a3,3 none a 1, 2 tat 8 
d>O,d"'l [d",0,± 11 

a2,t5 F-K2;P1 A2 a4,5 none al,2,al,12 
F-EK2; A2 a4,5 none ai, z, al,t2 

E = 1 [10 = ± 1 J -Kl +L3 

F-K2+ d.PO-P2J;Pl A2 
E = 1 * [E = ± 1 J 

a3,7 none al t 2, af, i1 

-e F-Kz+ dPO-P); -K\ +L3 A2 li 3,7 none - e a 2,16 al,2. at,9 
E = 1 * [E = ± 11 

t4,17 F+dL3;PO A2 a3,5 none 
d>O [d",ol 

at18 F+dK2;PO A2 a3,4 none a1,8,a 1,11 ° " I d I <1 [d '" ° , ± 1 1 -P2 
F-K2 -I dPo -P2); A2 a3,6 none ai,O,at.11 

E = 1 * [E = I II ;Po +P2 

F+§K2; -Kl A z self none af,5,al!a2 

E=1 [E=±11 +L3 -IdPO+P2) 

aZ,Zt =b2,4 F+K2;PO-P2 A2 b5,1 none at,l1,al,t2 

at,t F At a4,4 F 

al,l K2 At -a4,4 K2 

at,2 P t Al a 5,6 P t 
-KI+L3 At -a5,6 -Kt -lL3 

al,3 Po At a5,7 Po 

at4 F+d-KI +L3J AI a 2,1 F+E(-K1 +L3J 
E = 1 [10 = ± II 
-, 
al t 4 
E=l k=±11 

K 2-EPt Aj il2,t K2-EPI 

at, -KI +L3 Al -Kj +L3 
E=1*[<:=±11 +dPO+P2J +dPo-lPzJ 
at6 L3+ EPO Al a Z,3 
<=1 k=±11 
at7 F+ eL3 At a2,7 F+eL3 
e >0 [e '" 01 
af.B F+eKz At a 2,6 
0" e <1 [e> 0] 
al.s F-K2 Al a2,8 F - Kz + E (Po -P2) 
E=1 [!=±11 +E{PO -P2J 
al.l0=t4.,1 L3 Al d4,l L3 
at, 11 = bt ,4 Po-Pz At b7,l P O-P2 
at,12 = bl ,5 F+K2 A! b4,2 F+K2 

2275 J. Math. Phys., Vol. 18, No. 12, December 1977 Patera et al. 2275 

Downloaded 10 Mar 2011 to 129.215.155.31. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions

22



T ABLE V. Sl.lbalgebras of the optical algebra LOpt(2 ,1). 

Name and 
range of 
parameters 

Oa - a!1+a)/(j-al 5,6 - 5,4 

a'" 0, + 1 

05,9 = a5, S 

b4,1 

b4,2 

b4,3 

bL 
h ). 0 * ll:> "" oj 
b4,5 =a4,18 

b4,s=a4,1 

04,7 = a4,2 

"" 

Generators 

W;K1, K 2 , L 3, 
M,Q,N 

;K1 ,K2,L3, 
M,Q,N 

W,K1;K2+L3, 
M,Q,N 

{;K1,K2,L3} 

EB{W;N} 

W +K1;K2 +L3, 

M,Q,N 

K1;K2+L3, 

M,Q,N 

W,K2+L3; 

j'vl,Q,N 

W+aK1;K2+L3, 
M,Q,N 

W -KI ;K2 tL3' 
M,Q,N 

W,K1;M,Q,N 

N@{;K1,K2,L3} 

WiC:! {;K1,Kz,L3} 

L3;Q,M,N 

W+bL 3;Q,M,N 

W;Q,M,N 

MtB{W+Kl;K2 

I L3>N} 

N tB {K1 ;K2+ L 3, }\1} 

K2 + L 3tb{W;M,N} 

Isomorphism 
class Normalizer 

LOpt(2,1) self 

self 

A 3,3d) A2 self 

A 5,31 self 

At30 bG,2 

A:i;30 0 6,2 

Ai,30 0 6,2 

A (j-all<1+a l 
5,30 bs,2 

Ag,32 be, 2 

self 

A 5,36 self 

A 1C:bA 3,s b5,1 

A 1d)A 3,8 self 

A 4,10 bs" 
b5,2 

A1,9 b7,1 

A 1@A 3,4 b5,s 

05,8 

A @Al/2 
1 3,5 b5,s 
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Maximal 
Invariants sl.lbalgebrus 

(K2 -L3)M2 b S,1,08,2,b5,1 

(K2 + L3)Q2] sym + Kr + - b5,2 

[MQK1 b5,4,b4,hb4,3 

- + + N(Ki + -

none b5,3' b5,,!> b5,5' 

G' bo,I' ;;5,8' O,.s 

Kr+Kl-L3 

+4NL3)/N 

JHZ 2N(K, I L 3) 

N 

2 (K2 + L 3) + M'/N 

[111'2, 2N(K2 +L3)JN'-1 

L1J 2 I 2N(K2 '" Lll1/,\'2 

iK2-L3lN/M' 

[QM + MQ - 2KI (W", 2KjlJ/N 

W,K! IKj- L1 

N, iiI2 + Q2 + 4L3N 

none 

none 

M,N(K2+£:) 

N, (K2+L3)/M2 

K,+L 3,AI'/N 

- - -
b"IO, b4':17' 
/'4,IS (a" - :',l 

b4,5,b4,s, /)4,15' 

b:3,:3,b:"s,fJ 2,1 

b'J,:l,7j'J,7,b 2,2 

b:>,'L' b2,l 

b'3,2' J 

Ii,), b 3, 9, 

b'3,t b:r, 20 

Ii,}, 4; 
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TABLE V. (continued) 

Name and 
range of Isomorphism Maximal 
parameters Generators class Normalizer Invariants subalgebras 

04,8 = a4,5 {W+KI;N} A2EBA2 self none b3,5,03,B,b3,1> 

S{KI;M} 0 3,9,03,12, 

b3,IS, b3,19' 22 

1)4,8 a4,5 {W +KI ;K2 +L3} A2EBA2 self none b3,5,b3,6,b,,1> b3,s,b3,12' 

EB {W;M} b 3,IS' b3,IS' 

{Kt :K2 A 2GA2 self none b 3,7' b3,z, b3,8' 

ci7 {W;N} b3,s, °3,15' b3,tB' 

b.I,10 = a4, 7 K 2+L3,Q;M,N A 4,t 0 6,2 N,M2 +2N(K2 +L3) b 3,2,b3,4,b3,10 

b 4,l1 a:j!8 IV-Kt+Q: A 4,4 0 5, Z Nexp(-M/N), b 3,4, b 3,l1 
K2+L3,M,N I.2N(K2 - L 3) +1'v12)jN' 

b4,12=a4,9 IV-KI: AI,I 
4,5 aZ,1 M/N, (K2 +L3)jN 03,4, b 3,1" b 3,12' 

K 2+L3,,1l,N 
b 3,13,03,14,03,15 

= a IV-bK1: AIl;\i'+1l/2 b5,s NC1+b)/2jM,N'/ (K2 + L 3) b 3,4' b3,18(b = - 3), 
O<lhl<l K 2+ L:j , JlI,N /;3,18 (b = - ,D, 22, 
[n "0, ± 11 

btl.1 =al,12 IV+E"(K2+ L 3); A 4,7 b5,3 none b 3,2,0j,20 
E=1*k=±11 l1J,Q,N 

71.1,15 -a4,13 K1;M,Q,lv' A 4,8 0 5,9 N, Qll;[ +MQ +4NKI b 3,2' 0 3,9 

7i4,IC -a 4,14 IV+K1"U:Q,N A2,s b 5,9 none b 3,2,b3,5,b3,1!' 

03,12 

"'J,ibj/U+b) IV - bKl :,lI,Q,N 0 5,9 none b 3,2,03,18 (b = 3), hf. 22 

" >0 ,n T 1 

b.I,18 a:j!16 b-l/ 3 none - 0 -1/3 
K2 +L.) + Q,kl,P,l 

5, G b 3,IO, 3,21," 3,22 

b"l L,<± {W;N} A1EBA2 self L3 "2,1> "2,2' "t 3, b2, ,I 

b3,2 =a3,25 Q,M;N A 3,I bz,1 N b2,B 

03,3= "3,1 ;KI ,K"L3 A 3,8 e B,1 - [;24,01 6 , 
K2 + L3,Jll,N 3A1 a7,l K2 +L3,,11,N 112, B, b2, 6' b 2, 7, 

b3,5 = a3, 2 Me;; {W+K1;N} A 11SA2 
112,!,b2,8 

114,8 AI b2,5' b2,c, b 2,13' b2,14 

Md:;· {W+Kl: A1EBA2 b4,8 AI b2,5' b2, S' b 2, 13,1)2,14 

K 2-cL3} 
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TABLE V. (continued) 

Name and 
range of Isomorphism Maximal 
parameters Generators class Normalizer Invariants subalgebras 

W+KIEB A I EBA z self W+Kl 0z", ° 2, 9,02,IZ, 

{W-Kl ;M} btlS' O2,17, 

b2,17 

W EEl{KI ;K2 + L 3} AlEElAz self W b2,4' b2, 9, b2,10' 
'" 

b3,7 =a3,4 KIEB{W;N} A I EBAz self Kl bZ,4, bz, 9, b2,10, 

b 2,13,bt19 

° 3,8 =a3,6 NEEl {Kl ;K2 + LJ Al EEl A2 °4,9 N b2,4' b2,8' b"IO, 

ot20 

b 3,8 K2 + L3 EEl {W;N} Al EEl A2 b4,9 K z +L3 b 2,4' b2,s, b2,10, 

bj,20 

03, 9=a3, 7 N@{Kl;M} Al EEl A2 ° 4,8 N h2,6, 0Z,IO' °2,17' 

btls 

b 3,9 as, 7 K2 + L3 EEl {W;M} AIEBAz h4,8 K z +L3 bz,,!, bZ,10, b2,17' 

btls 

li3,IO K z + L3 + Q,M;N A 3,I b-l13 5,6 N b 2,6' b2,11 

03,11 W+KI+M;Q,N A 3,2 b4,17 Nexp(Q/N) b2,o, b2,14 

li3,12 =a3,10 W-Kl;M,N A 3,3 b 5,s M/N h Z,6,b2,12' b2,13 

b3,12 W-KI ;K2+L3,M A 3,3 (Kz+L3)jM bZ,6' bz,12' h2,IZ, 

/)2,13 

li3,13 =a3,11 W-KI;Kz +L3+ N ,M A 3,3 a 4,17 (K2 + L3 + N)/l\! b 2,7,li2,IZ,hz,12 

b 3,14 W-K1>K2+L3- N ,M A 3,3 (K2 +L3 - N)/M b2,B,bz,12' h2,IZ, 

hZ,;?,02,15 

[;3,15 =a3,12 W-KI;K2+L3,N A 3,3 b4,9 (K2 + L 3)/N b2,8' b2,IZ, b2,13, 

bZ,13' b 2,15 

03,16 = a 3,13 W+Kl ;Kz +L3,N A 3,4 li5,8 N(K2+ L 3) !2,8, b2,13' !2,13 

03,17 W+KI +M;K2+L3,N A 3,4 °4,6 N(K2+ L 3) b2,8,b2,14' bZ,14 

b s,I8 =a3,15 W+3KI ;M,N A 3,4 0 4,8 NM b2,6,/;:;;16 hl,19 

b3,18 W ;K2 + L s, l\! A 3,4 b4,8 M(K2+L3) " ,,-1/3 /;-10 2,6, 2,16, 2,19 

D3,19=a3,16 W;M,N A1I2 3,5 °5,8 M 2/N b 2,4,b2,6,I'2,17 

b3,19 K I ;K2+ L3,M A1I2 3,5 °5,8 M 2/(K2 + L 3) 112 4> bz, 6' h2,17 

O"3,zo W + E (Kz + L 3); b4,7 M 2/N bz,6' h:;:1B' h!, zo 

(=1* k=±lJ M,N 

b3,20 KI + EN;K2 + L 3, M A1I2 3,5 °4,7 M 2/(K2+ L 3) bz•o, btl8' b!, ZO 

E=l*k=±lJ 

b 3,21 Q,N AY,! self (K2 + L3 +Q)3/N °Z,l1 , hl;ls b Z,21 
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TABLE V. (continued) 

Name and 
range of 
parameters 

22 cf.f;l(Cc-O 
c;<O,k,±l 

_ J,1-cl/U+C) 
V o,22- 3,rs 
c;<O,± 1,-3 

bt23 = 
O<lcl<l [c;<O,±l] 

b2,1 

b2,2 

bb 
d>O[d;<O] 

b2,4 = a2,21 

b2,5=a2,1 

b2, 6 = a2,2 

b2,1 =a2,4 

b 2,B 

b2, B = a2, 5 

b2,9 = a2,6 

b2,IO= a2,B 

b2,10 

b2,11 

b 2,12 =a2,10 
"" b 2,12 

b2,13 =a2,l1 

b2,13 

Generators 

L3,N 

W,L3 
W+ dL3;N 

W;N 

K I ;K2+L3 
W+KI,M 

K2+L3,M 

M,N 

K2+L3+ N ,M 

K2+L3-N,M 

W,KI 

K1,N 

W,K2+L3 

K2+L3+Q,N 

W-K1;M 

W -KI;K2+L3+N 

W+KI;N 

W-Kl;K2+L3 

Isomorphism 
class 

h 2c 1 
A 3,5 h = c -1' -1 < c <" 

c-1 1 
h='iC' c>" or c<-l 

h c+1 A 3,5 h=-2-' -3<c<1 

h=_2_ c>l or c<-3 
c+1' 

2Al 

2At 

A2 

A2 

A2 

2AI 

2Al 

2Al 

2At 

2Al 

2Al 

2AI 

2Al 

2At 

2AI 

A2 

A2 

A2 

A2 

2279 J. Math. Phys., Vol. 18, No. 12, December 1977 

Normalizer Invariants 

b3,1 L 3,N 

self W,L 3 

b 3,1 none 

b5,1 none 

b5,1 none 

b 3,6 W+KI,M 

K2 +L3,M 

b 6,2 M,N 

a5,7 K2+L3+ N ,M 

K2+L3-N,M 

b 5,B K 2+L3,N 

self W,K1 

"" b3,1 K 1,N 

b 3,1 W,K2+L3 

b3,20 K2+L3+Q,N 

°3,6 none 
none 

none 

b 4,B none 

Maximal 
subalgebras 

b1,t> b1,2' b1,4' 

b1,6 

bf,3' b1,5' b l ,6 

bd b 1,4 

b l ,4, bl ,5 

bl ,4' bl ,5 

b l ,1' bl,B, bl ,10 

b1 4, b1 B.bl B , , , 
b l ,4' 

bl,B' b1,B 

b1,4,b1,B,b1,B' 

bl ,9 

bl,4' 01,4' bl ,8' 

b1,9 

b1,5,bl ,5,bl ,1' 

bf,12 

b1,4,bl ,5,01,13 
"" b1,4' b1,5, b1,13 

b1,4, bl ,lI 

b1,1' 
bl ,1, bl,B 

bl,4' bl ,1 

bl ,4> b l ,1 
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TABLE V" (continued) 

Name and 
range of Isomorphism Maximal 
parameters Generators class Normalizer Invariants subalgebras 

'5"2 t3 11 W+Kt ;K2+L3 A2 b4,8 none [,t,4,Ot,7 , , 
b2,14 W+Kt+M; A2 b3,5 none h b 1,4, 1,10 

K2+L3 

b2,t4 ai!t2 W+Kt +M;N A2 b3,5 none bt,4> bt,to 

b2,t5= a 2,13 W-K1, A2 ,...., a3.5 none b t ,7,Ot,9 
K2 +L3 -N 

bd - it.-t+<D/(1+d) 2,t6 - 2,t4 W- dK1;M A2 b3,6 none bt,s, bl,12 
o <Idl <1 [d>" O,± 1J 

=a2.t5 Kt;M A2 b4,8 none bt,5' bt,s 

b2,t7 W;M A2 b4,8 none bt,5,bt ,s 

0tts Kt+EN;M A2 b3,9 none b1,s,b1,13 
!=1* [!=±lJ 

b!,t8 W - ! (1(2 + L 3) ;M A2 b3,9 none bt,s, br.t3 

! = 1 * [E = ± 1 J 

02,t9 W-dKt;N A2 b3,7 none -d 
bt ,4' "1,12 

d >0,;< 1 

b2,t9 W - dKt ;K2+L3 A2 b3,7 none - -d 
b1,4, "1,12 

d>O,>"l [d>"O,±lJ 

0t20 = Kt + !N;K2 + L3 A2 b 3,s none bt ,4,Ot,t3 

E = 1 * [! = ± 11 

b!, 20 W+!(1(2 + L3);N A2 b3,s none b1,4,bf,13 

!=l*k=±lJ 

b 2,2t = a:;!20 A2 self none b t ,l1' b\;112 

K2+L3+Q 

bt,t L3+ N At b2,t L3 1N 

bt ,2 L3- N At b2,1 L 3-N 

br,3' e> Ole >" oj W+ eL3 At b2,2 W+eL 3 

bt ,4 =at,l1 N At b7,t J..V 

[,t,4 at,l1 K2+L3 At K2+L3 

bt ,5 =at,t2 W At b4,2 W 

bt ,5 at,t2 Kt At b4•2 Kt 

b1,s= et,t L3 At e4,1 L3 

bt ,7=at,1 W-Kt At a4.4 W-Kl 

b1,8=at,2 M At b5,8 Jl1 

K2+L3+ N At b5,8 K2+L3+ N 

b1,9=at,3 K2+L3- N At a5,7 K2+L3- N 

/)1,10 W+Kt+M At b2,5 W+Kt +1\[ 

bt ,l1 K2 +L3 +Q At "3,20 K2 cL3+Q 

Or,t2 = W-eKt AI b2,9 W-eKt 

O<e<l [e>O, >"lJ 

Kt+N At !2,tO Kt+N 

br,t3 = at 9 W+£ (1(2 +L3) At b2,tO W+£(K2+L3) 

£=1 k=±lJ 
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T ABLE VI. Subalgebras of LO (3) EEl LO (2). 

Name and 
range of Isomorphism 
parameters Generators class Normalizer Invariants 

c4,l DEEl{;A,B,C} A t EElA3• 9 self D, AZ +B2+ CZ 

c3,l ;A,B,C A.,9 C4.1 A Z +B2 + C2 

cZ,l D,C 2Al self D,C 

c1•1 D Al C4.1 D 

Cf,2 D+eC Al C2,l D+eC 
e >0.7' 1 

Cl, 3 lit ,1 C Al d4,l C 

cl.4 = el.1 A+D Al e4,l A+D 

TABLE VII. Subalgebras of LO(2) EEl LO(2,l). 

Name and 
range of Isomorphism 
parameters Generators class Normalizer Invariants 

d4,l C EB{;D,E,F} A 1EElA 3•S self C,D2_E2_F2 

d 3,l ;D,E,F A 3,s d4•1 D2 _E2 _F2 

(f3, 2 = a 3,5 C@{F;D+E} A1EBA2 self C 

d 2,1 =a2,7 C,F 2Al self C,F 

d'2.2 =a2,3 C,D+E 2Al d3,2 C,D+E 

dz,3 = c2,! C,D 2At self C,D 

dz•4 =a2,13 F;D+E A2 dS,2 none 
dL=at17 F+dC;D+E A2 d3•2 none 
d>O [d7'01 

d1,t C Al d4,l C 

d1,2 =cl,l D Al C401 D 

df,3 = ef,2 D+eC Al d2,3 D+eC 

e > 0 • 7' 1 [e 7' 0, ± 11 

d1,4 =a1,1 F AI a4,4 F 

dl ,5 =al ,3 D+E AI a5,7 D+E 

df,s=aY,7' e >0 F+eC Al a2,7 F+eC 

di,7 =af,s C+E(D+E) Al a2.3 C+dD+E) 

!=l[E=±11 

dr.8 el.! D+EC Al D+EC 
E=l [E=±11 

TABLE VIII. Subalgebras of LO (2,2). 

Name and 
range of Isomorphism 
parameters Generators class Normalizer Invariants 

eS,1 {;A(,A2,A3} A 3,8 EBA3,8 self 
@{;Bh B 2,BJ 

e 5,( =b5,1 {A 2;A( -A3} A 2EElA 3•8 self - B§ 
EEl {;B1, B 2, B 3} 

'" {;A1> Az, AJ A3,8 EElA2 e 5•1 self At 
EB {B2 ;B1 - B 3} 

e 4 ( A3 EEl LB(, B z, B 3} A t EBA3,8 self A 3,Br + -

e 4,l {;A1 ,A20A3} EEl B3 A 3,8 EEl Al self 
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Maximal subalgebras 

Maximal 
subalgebras 

dZ,4, dl ,2 

dZ,l' 1l2,2' 1l2,4' 

d1,!> Ill, 4, dr,6 
d1,!> 1l1,5, iii, 7 

d1,1' dr,3,di,s 
d1,4' Ill, 5 

1l1,5' (its 

Maximal 
subalgebras 

-
e5,1 t e 5, 1 t e4, 1, e4,1 ,e3 t S 

e3,9 

e4, 2t e4,3' e4,4, e3,4 

-
e4,2' e4,3t e 4,4' e3,4 

e3,1' e3,4t e2, 6 

e3,1' e3t 4' e 2,6 
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TABLE VIII. (continued) 

Name and 
range of 
parameters 

e3,1 = b3,3 

e3.1 
e 3,2 =a3,4 

e3,4 = b3•1 

e3,4 

e 3,5 =as,12 

e\ 7 = cfl;tt(1+Cl 
O<lel<l lc>'O,±l] 

e2,1 =a2•5 

e2" =aZ,6 

= a2,8 

e2,3 

e2,4 = b2,1 
-
eZ,4 

e2 5 = b2 2 
t , 

eZ,7 = b2,4 

e2,7 = b2,4 

e2,3 ...... aZ,10 

Generators 

{Az;Al -A3} 

EB{Bz;Bl -BJ 

(AI -A3)EB 

(;BI , B 2 , B 3} 

{;AI ,Az,A3} 

EB(BI -B3) 

AzEB {;BhBz, B 3} 

{;AI ,Az,A3}EB B z 
;Bl ,Bz,Bs 
;A j ,Az,A3 
B zEB{A 2;AI -A3} 

(AI -As)Ef) 

{B2;BI -Bs} 

(BI-BiIl 
{Az; AI -A3} 

BsEB{A2;AI -As} 

A3 EB {B2;Bl -B3} 

A2 + B 2;AI -A 3 , 

B I -B3 

A z -B2;AI -As, 

BI-Bs 

;AI-Bj , 

A 2+ B2,As - Bs 
;Al +BI ,Az+B2, 

As+Bs 

AI- A S,BI- B 3 
A 2,Bz 
B2,AI -A3 

A 2,BI -B3 

AI-A S,B3 

A 3,BI -Bs 
A 2,B3 

A 3,B2 

As,B3 

A2;AI -A3 
B 2;BI -B3 
A 2 +Bz; 

-AI +As -BI +B3 

Isomorphism 
class 

At, 
h=e,lel<l 

h=l/e, lel>l 

A 3,s 
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Normalizer Invariants 

self none 

self 

self Ar - B2 

eG,1 

eG,1 

self B2 

self A z 

self Bs 
self A3 

e4,2 (AI -A3)/(BI - B 3) 

e3,4 
self 

self 

self 

(AI -B1F + (A2 +B2)2 

- (A3 -B3)2 

(AI + BI)2 + (A'2 + B2f 

- (A3 + B3F 
A I -A3,BI -B3 

A 2,B2 

B"A1 -A3 

A20 BI -B3 

AI-As,Bs 

A s,BI -B3 

A"Bs 
A 3,B, 

A 3,B3 

none 

none 

none 

Maximal 
subalgebras 

- -
e3,Z, e3,2t eS,3, e3 t ], 

eS,S,e3,6,li,7 

e3,1, e3,S,eZ,4 

- -
e3,1,e3,3,eZ,4 

'" -e3,1. e3,2, e2,5 

eS,h e3,2, e2,5 

eZ,77 el,1 

e2, 7' el,1 
- - - -
e2, 2, e2,3' e2, 7, e2,10, 

- - -
e2,2. e2,3. ez, 7, e2,10, 

e2,1' e2,3' ez, 7, 

- - - -
eZ,1' e2,8' e z, lh e2,10. 

e2,IO 

- -c 

- -" -
el, 3, el,4' el,IO' el. 1 0 

el, " ef,s. el,lI' 
el, s. el,IO' el,l1 

el, 6' el,IO, el,l1 

el,l' el. 7. el,S, el,10 
c::::: 

el,1' el, 1, el,8, eh 10 

el,1' ef. 9, el,l1 
el,1' 

el,1' el,1' er,12' el t i3' 

el,I4 

el,10' el,l1 
!::::! '.:::! 

el,IO, el,l1 

e1,2' el.3 
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TABLE VIII. (continued) 

Name and 
range of Isomorphism Maximal 
parameters Generators class Normalizer Invariants subalgebras 

-
eZ,9 --=a2,1:l A2 +B2; -AI +A3 A2 a3,5 none cl,2' cl,4 

+BI- B 3 

e2,lO = (12, 11 A2 + B 2; -At +A, A2 a4,5 none Cl,2' cI,lO 

e2,10 A 2+B2;-Bj +B, A z ......... a4,5 none el,2,cl,10 

eq, 11 = dl,iil (1 +d) Az ' dB2; -Aj +A3 A2 none -d -
e1,5' e1,I0 

d>O,7"1 
""d cZ,11 A 2+dB2; -Bj +B3 A2 "" -d "" 

e3,2 none 17 1,:) ,CI,IO 
d > 0, C'" 1 

eq,12 = bQ,3 A2 - dB3; -Aj +A3 A2 e 3,4 none 
d>O [d" 01 

""d e2,12 B2 - dA 3; -BI +B, A2 "" e3,4 none ('Pt 9' Ct,IO 
d >0 [d / 01 

etj3- a tl3 B 2+dA3-AI); A2 e 3,3 none el ,6' el,IO 
E 1 k' ± 11 B I -B3 

etl3 A2 + c(B3 -Bt ); A z e 3,3 "" none el,G' el,IO 
E = 1 lE=±11 AI- A 3 

cI,1 A3 AI e 4,1 A3 
ej,l B) At e4,1 B3 
c t ,2 :-::al,l A z +B2 AI a4,4 A2+B2 
cl,:j ......... al,2 -AI +A3- B I+B3 AI -AI +A3 -BI + B3 

-
et,4 -All A 3+Bt -B3 AI a s,7 --AI -l-A3 'BI -B3 

ef,5 ,- de,-se)/(1+e) , 0 < (' < 1 Az L eB2 AI e2,2 A2 -I eB2 
[e > 0, T 11 

el,G :::-ai,9 B2 -AI +A3 AI e 2,3 B2 -AI +A3 

el,G A 2-B j +B3 At e 2,3 A2 -Btl B3 
('1,7 "bl,1 -At +A3 I B3 At e2,4 -At +A3 +Bj 

cl,7 -BI +BJ,t A3 At e2,4 -Bt +B3+ A 3 
-
"t,8 b, ,2 -AI' AJ-B) At e2,4 -A j l-A)-B3 
el,8 -Bt +B3- A 3 At e2,4 -Bt +B3- A 3 
ei,3 :- hI, j, (' >0 A2 - eB j At e Z,5 A2 - eB3 

Bz-eA j At c2,5 B z - eA3 

cI,lO = "t,4 -At-l-A j AI b7,t -At"A j 

= bl ,4 -Bt +B3 At -B j +B3 
e t,11 = bt,5 A z At e 4,4 A2 

= bl,s Be Al c4,4 Be 
eT,t2 - cjt;l/(l-cJ ,0 < I e I < 1 A,+eB3 At e2,6 A3 " eB j 

[(' " 0,11 ) 

et,t:l- Cl,t Aj-Bj At C4,t A 3-B3 
A:l+B3 At d4,t A3+ B 3 
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TABLE IX. Subalgebras of LO P 
Name and 
range of Isomorphism Maximal 
parameters Generators class Normalizer Invariants subalgebras 

I S,I ;LjoL2,L3,K1, LO(3,l) self L2 - K2, (L, K) 1.;,1.1;,4,13,5 
K 2,K3 

14,1 =a4,17 K1,L1; A 4,12 self none 11,I,h,2.1f,3,h,2 
Lz -K3,L3 +K2 

13,1 =a3,l1 K1;L2 -K3,L3+ K2 A 3,3 14,1 (L2-K)I(L3 I K2) 72,1.12,3 

13,2 =a3,ZI L 1;Lz -K3,Ls +Kz A 3,G a5,7 (L2-K3)' + (L3+K2)2 7z,!,li,1 

K1-cL1;Lz -K3, 14,1 [(L2 _K)2 72,!,/r,4 
c>O [c'"0] L3+ K2 -'- (L3 + K2)2]C 

x(L2 -K3 - i(L3 +K2,i 
L2 -K3 +i(Ls + K2) 

;K2,K3,L1 A 3,s a4,4 -K5 lz,],li,1 
h,5 = c3,! ;L1,L2,L3 A 3,s c4,1 Lr + li,l 

h,l = a2,4 L2 -K3,L3+K2 2Al a 5,7 L 2 -K3,L3 "1 K2 li,3 
lz,2 =a2,7 L 1,K1 2Al self L 1,K1 
h,Soc UZ,10 K1;L2 -K3 A2 a 3,3 none h,2,ft.3 

fl,l =d1,1 Ll AI d4,! Ll 

h,2 =al,1 Kl AI a4,4 Kl 

11,3=al,2 L 2-K3 AI a 5,l-i L z -K3 
=af,7 ,e >0 [e '" 0] K1-eLI AI h,2 K1-eLI 

TABLE X. Subalgebras of the irreducibly embedded LO (2,1). 

Name Generators Isomorphism class Normalizer Invariants 

g3,1 ;K1,K2,L3 A 3,s self 

g2,1 K2;K1 -L3 A2 self none 
, 

L3 AI gl,l f'V Cr,2 
- I gl,2 Kl- L 3 AI 
- 1/2 K2 AI 

TABLE XI. All proper subalgebras of LO(4,1). 

Name and 
range of Ismorphism 
parameters Generators class Normalizer Invariants 

a7,1 G;LI , L 2, L 3,P1 ,P2,PS LSim(:l) self (L,P)2/p2 

a6.1 ;LIo L 2, L 3,P1,PZ,P3 LE(3) a7.1 (L,P),p2 

a 5,! G,L3;PIo P2,P3 self 

a4,1 {L3;PI ,pJ EB P 3 A (lilA 3,6 1 a 5,1 

a4,2 {;L!, L 2, L 3} EB G A 3, sCLe AI self G,L2 

a4,3 {G;P1,P2,P3} Al,l 4,5 a7,1 P!IP3,P2/P'l 

at4 ,h > 0 L 3+bG;P1,P2,P3 Ab,b 4, G as,1 
2 2 (Pj C iP2)iO 

Pr+pr(PI'P2) Pj-iP, 

a4,5 G,I'3;P1,P2 A 4,12 self none 
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Not even UG students 
should have to work so hard.

?!
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Homogeneous 
Lorentzian 
Manifolds
(the smart way)
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We observe that SO(N)×SO(3,2) is semisimple 
for N>2.

Theorem

Let M be a lorentzian manifold with the transitive 
and isometric action of a semisimple Lie group G.  
Then either

(1) the action of G is proper; or
(2) M is the product of (anti) de Sitter space with a 
riemannian homogeneous manifold.

Kowalsky (1996)
Deffaf+Melnick+Zeghib (2008)
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✓We already classified Freund-Rubin AdS 
backgrounds.  (Still need to check AdS backgrounds which 
are not Freund-Rubin.)

35



✓We already classified Freund-Rubin AdS 
backgrounds.  (Still need to check AdS backgrounds which 
are not Freund-Rubin.)

✓There are no dS backgrounds.

35



✓We already classified Freund-Rubin AdS 
backgrounds.  (Still need to check AdS backgrounds which 
are not Freund-Rubin.)

✓There are no dS backgrounds.

✓If the action of G is proper, then H is 
compact.
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Revised problem

Classify compact Lie subalgebras

h ⊂ so(N)⊕ so(3, 2) dim h =

�
N

2

�
− 1

for N≥5, leaving invariant a lorentzian inner 
product on g/h.

In particular, h ⊂ so(N)⊕ so(3)⊕ so(2)

36



Because h is compact, it is reductive, hence
g = h ⊕ m

where [h,m]⊂m.  Also h leaves invariant a positive-
definite inner product β on m, and every h-invariant 
lorentzian inner product on m is of the form

β - α⊗α
for some h-invariant α in m.

See, e.g., Alekseevsky (2011)

In particular, unless there are nonzero h-invariants in m, there 
is no h-invariant lorentzian inner product either.
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✓Classified compact Lie subalgebras of so(3,2)

✓Classified compact Lie subalgebras of so(N) 
for N=4,5,6,7.  (No need to do N=8.)

✓Classified fibred products of the right 
dimension yielding all possible h.

✓Determined h -invariant lorentzian inner 
products and h -invariant 4-forms.

38

What we did last summer...



N=7

There are no compact subalgebras of the 
right dimension, assuming that so(3,2) acts 
effectively.

Otherwise so(3,2) acts trivially, in which case we can take 
SO(7)/SO(5), which does have an invariant lorentzian metric 
and even invariant fluxes, but they do not satisfy the 
supergravity field equations.
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N=7

There are no compact subalgebras of the 
right dimension, assuming that so(3,2) acts 
effectively.

Otherwise so(3,2) acts trivially, in which case we can take 
SO(7)/SO(5), which does have an invariant lorentzian metric 
and even invariant fluxes, but they do not satisfy the 
supergravity field equations.
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N=6

If so(3,2) acts effectively, then
h = so(5)⊕ so(3)⊕ so(2),

but there is no lorentzian invariant metric on 
such a homogeneous space.

If so(3,2) acts trivially, h ≅ so(3)⊕ so(2).  There are 5 
inequivalent so(3)⊕ so(2) subalgebras of so(6), 3 of which 
have invariant lorentzian metrics and invariant fluxes.        
(Still must check the field equations.)
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but there is no lorentzian invariant metric on 
such a homogeneous space.

If so(3,2) acts trivially, h ≅ so(3)⊕ so(2).  There are 5 
inequivalent so(3)⊕ so(2) subalgebras of so(6), 3 of which 
have invariant lorentzian metrics and invariant fluxes.        
(Still must check the field equations.)

40



N=5
Here so(3,2) has to act effectively, by dimension.

There is precisely one possible subalgebra of the 
right dimension:
h = so(4)⊕ so(3)

and there are invariant lorentzian inner products.

The resulting geometry is

S4 ×X7 X7 ∼= SO(3, 2)/SO(3)

41



Homogeneous 
N=5 (?)

Backgrounds

42



d=11 supergravity backgrounds

(M, g, F )

F ∈ Ω4(M) dF = 0

d � F = 1
2F ∧ F

Ric(X,Y ) = 1
2 �ιXF, ιY F � − 1

6 |F |2g(X,Y )

lorentzian spin manifold(M11, g)

Not unlike Einstein-Maxwell theory
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Homogeneous backgrounds

M = G/H

g ↔ H-invariant inner product on g/h

F ↔ H-invariant 4-form on g/h

Field equations become algebraic equations 
in these data.
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45

The backgrounds in question are all of the form

so(3, 2) = so(3)⊕m m = V1 ⊕ V1 ⊕ V0

Vs = irreducible spin s module of so(3)

The most general lorentzian metric has 
four parameters: γ1, γ2, γ3, γ0

radius
of S⁴

{
V1 ⊕ V1

V0

γ0 < 0

γ1,2,3 > 0

Used normaliser of so(3) in so(3,2) to diagonalise inner product on V1 ⊕ V1

S4 ×X7 X7 ∼= SO(3, 2)/SO(3)



There is a 6-dimensional space of invariant 4-forms:

and the volume form on S⁴

ω = SO(3)-invariant symplectic form on V1 ⊕ V1

�
Λ4m

�SO(3)
= Rω2 ⊕ S3R2 ⊗

�
Λ3V1

�SO(3) ⊗ V0

Finally we use the homothety symmetry

g �→ t2g F �→ t3F

to set γ0 = −1
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In summary, we have a number of (almost 
polynomial) equations on 9 real parameters:

γ1, γ2, γ3, ϕ1, . . . , ϕ6 γ1,2,3 > 0

The Maxwell equations:
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In summary, we have a number of (almost 
polynomial) equations on 9 real parameters:

γ1, γ2, γ3, ϕ1, . . . , ϕ6 γ1,2,3 > 0

The Maxwell equations:
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The Einstein equations:

When the dust settles we find three backgrounds, 
and no others!

(some time passes)
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An approximate background

γ1 = 0.22776420155467458

γ2 = 0.4670546272324634

γ3 = 0.12728016028858763

ϕ1 = 0.14715771499261474

ϕ3 = ±0.27380714065085027

We know little else about this solution, except 
that it has no additional symmetries.

Supersymmetry?
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A circle’s worth of backgrounds

γ1 = γ2 = γ3 =
1

3

ϕ1 = −1

3
, ϕ2 =

1√
3
cosα, ϕ3 =

1√
3
sinα

The 7-dimensional lorentzian geometry is 
Sasakian, and the background has an extra 
Killing vector: the Sasaki vector field.

The timelike cone is an 8-dimensional 
pseudo-Kähler manifold; that is, of 
holonomy U(3,1) ⊂ SO(6,2).

Supersymmetry?
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A susy Freund-Rubin background

γ2 = γ3 =
2

3
γ1 =

4

9
ϕ1 = ±8

9

The 7-dimensional lorentzian geometry is 
Sasaki-Einstein.  ∴ it has an additional Killing 
vector and the (time-like) cone is pseudo-
Calabi-Yau; i.e., of holonomy SU(3,1) ⊂ SO(6,2).

Freund-Rubin The background is supersymmetric!

JMF+Leitner+Simón (20??)
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JMF+Leitner+Simón (201?)
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JMF+Leitner+Simón (201?)

A susy Freund-Rubin background

γ2 = γ3 =
2

3
γ1 =

4

9
ϕ1 = ±8

9

The 7-dimensional lorentzian geometry is 
Sasaki-Einstein.  ∴ it has an additional Killing 
vector and the (time-like) cone is pseudo-
Calabi-Yau; i.e., of holonomy SU(3,1) ⊂ SO(6,2).

Freund-Rubin The background is supersymmetric!

However it is only N=2 supersymmetric.
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Killing spinors

SO(3,2)×SO(5) is an “accidental” symmetry.

geometric
Killing
spinors
on S⁴

geometric
Killing
spinor
on LES

I = 1, . . . , 4εIa = ζIa ⊗ ψ a = 1, 2

Killing superalgebra:

Sasaki
vector
field

[εIa, εJb] = ΩIJ�abχ

(Geometric version of Coleman-Mandula Theorem.)
52

(symplectic Majorana)



a look ahead
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➡ Determine supersymmetry of 
remaining backgrounds

➡ Classify the AdS₄ backgrounds not of  
Freund-Rubin type

➡ Explore the homogeneous N=4 
candidate backgrounds (most of the work 
has already been done)

➡ For completeness: classify those cases 
where SO(3,2) does not act effectively

Still left to do...
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