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@ The Model - Definition & Motivation

9 The Vertex Operator Approach
© The General Integral Expression

@ Summary & Discussion

Refs:
- Correlation Functions and the Boundary qKZ Equation in a Fractured XXZ
Chain, RW: arXiv:1110.2032

- Builds on formalism of ‘Algebraic Analysis ..." by Jimbo & Miwa (95), and
boundary papers by Jimbo, Kedem, Konno, Kojima/RW, Miwa:
hep-th:9411112 /9502060
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The Model

o Make use of 6V bulk and boundary weights (with V = Cvy & Cv_)

1
1 &g Qo)
R(C) = K](C) (17%2)( (17%2)(] . V ® V — V ® V
1-¢2¢2 1-q¢%¢?
1
1 1—r¢? 0
K(¢; = ¢—r Vv Vv
(Gir) f(¢r) ( 0 1 -

obeying usual YB, xing and unitarity (for bulk and boundary).
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The Model

Diagramatics

o Let Ko(¢) = K(¢;r), and Ko(¢) = K(—q~1¢7L;r). Then
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The Model

Finite Transfer Matrices

o Let 7(¢) := Ron(C) -+ Roa(¢)Ro1(¢) € End(Vo ® Vi ® -+~ @ V)
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The Model
Finite Transfer Matrices

o Let 7(¢) := Ron(C) -+ Roa(¢)Ro1(¢) € End(Vo ® Vi ® -+~ @ V)

Cotd
T(C) o= ey, (T(C)) C
° TE!”(C) = Try, (Ko ()T HCHK(OT () = < < >
I
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The Model

Hamiltonia

. 2 .
o Hfm:— 158 & log T(()|c=1
LN
=—3>. (U;(+1U?< + 0—?/+1U:}'/ + AU:'Z—HU:'Z) + const
where A = (q+q71)/2

in . 1— 2 d .
o H = T;TC TE"(O)le=1

N-1
=33 (07107 + 0107 + Ao? 107) + hof — hoF, + const
n=1

_ (@97 Y 14r
where h = 3  i—r
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The Model

Infinite Partition Function

@ [nterested in
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The Model

Infinite Partition Function
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The Model
Infinite Transfer Matrices

@ Hence, concerned with two transfer matrices:

Bulk T(¢) = S T O I A

Fracture T'(¢) = o B o
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The Model

Infinite Transfer Matrices

@ Hence, concerned with two transfer matrices:

Bulk T(¢) = RN

Ne’

Fracture T'({) = o

@ corresponding to
H= _% > (0Fa0f +ofpyof + Aofyy07),
H = HL+ Hg, Hir,
_% Z (07107 + 0l 107 + Aofpy07) + hot,

with H; =
1 nZl
— E X X y -y z _z z
and HR——E (UiUi—l‘i‘U,‘U,;l"i‘AUiai—l)_hao-
n<0
EMPG, November 2nd, 2011 8/25
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The Model
The Spaces

o The operators act on F() = H(Li) ® Hg) where

H(Li) = Span{---® Ve(2) @ vg(l)yg(n) = (—1)n+i’ n> 0},
H%) = Span{v.(o) ® Ve(—1) ®---e(n) = (_1)n+iv n < 0}.

T(C): FO — FO=0 - 1/(¢) - FO) — 7O,
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The Model
The Spaces

o The operators act on F() = H(Li) ® Hg) where

H(Li) = Span{---® Ve(2) @ vg(l)yg(n) = (—1)n+i’ n> 0},
H%) = Span{v.(o) ® Ve(—1) ®---e(n) = (_1)n+iv n < 0}.

T(¢): FO — FO=0 17(¢) . FO) — 70,

o Can identify H\) with 1} and so

F) — H(Li) Q H(i) ~ H(Li) ® Hi(") ~ End(H(Li)).
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The Model

Object of Interest

o Interested in diagonalising T(z) and T(¢), and computing
(i){vac|ESm - Ej,; E§,11|vac)zl.), where E5(va) = 04 cve.
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The Model

Object of Interest

o Interested in diagonalising T(z) and T(¢), and computing
(i){vac|ESm - Ej,; E§,11|vac)zl.), where E5(va) = 04 cve.

1 1 1 1 1 1 1 1

¢ ¢
¢! > ¢t

e Equal to @ fe
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The Model

Motivation

@ There are very few exact correlation function results in any geometry
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The Model

Motivation

@ There are very few exact correlation function results in any geometry

@ This geometry is very natural in VO approach

@ Potential physical significance:

In description of local quantum quench:
split 1D system at t < O brought together at t =0

Time evolution of entanglement entropy between two halves studied
using CFT - Cardy & Calabrese (2007)

|(vac|vac)’|? called fidelity.

-log(fidelity) suggested as alternative measure of quantum
entanglement

Studied using CFT by Dubail & Stéphan (2011).

Should be possible to relate our corr. fns. to CFT/lattice results in
wedge of angle «, as a — 27 - Cardy (1983), Barber et al (1984).
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The Vertex Operator Approach - Space & Operators

o Identify H(Li) with V(A;) as Ug(sl2) modules, and hence

FO = V() @ VN~ End(V(A)).
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The Vertex Operator Approach - Space & Operators

o Identify H(Li) with V(A;) as Ug(sl2) modules, and hence

FO = V() @ VN~ End(V(A)).

@ Define VO:

Q) VIN) 5 V(M) ® Ve, 07(Q): VIA) ® Ve 5 V(AL),
Ve = V& Cl¢, ¢l

@ Define cpts ®4(¢), P%(¢) : V(A;) — V(Ni-))
and transposes ®4 ()%, ®%(Q)F : V(A)* — V(A1—i)*.

o Useful to note ®*(¢) = ®_.(—q~1¢1)
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VO Approach

@ L

1

1 1 1 1 1

@ Then identify

(b)
S ¢
1 N 1 1 1
(d)
S NS

with

Robert Weston (Heriot-Watt)

1
®(¢), (b) &2 (),
Lo
®z (<), (d) g2 ®2.(¢)".
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VO Approach

() 1 1 1 1 ) 1 1 1 1
¢ ¢
@ Then identify
© 1 1 1 ) 1 1 1 1
¢ s
1 1
with (a) &2 :(C), (b) g2®_(Q)F,
1 1o
(c) &2 ®x(¢), (d) g2 ®2.(¢)".

Hence Bulk T(¢()= .|

|
\
given by T(¢) =g ®:(¢) ® ®_-(¢)".

€
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VO Approach

(a)

1

@ Then identify

with (a)

Frac. T'(¢) =

(b) g2 (Q),
(d) g2 9" (Q)".
C = Tu(¢) ® Tr((), with

Ti(0) =g Y _ ®H(CTHKI(O)PC), Tr(Q)=g ) _ ®* (¢ KL (Q)P—c(0)f

g,e’

Robert Weston (Heriot-Watt)

Fractured XXZ

&€’ —1,—1\t
Ti(=q~°¢C)
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VO Approach
Eigenstates

o T(¢)|vac)(jy = |vac)1_j) eigenstate identified in [JM] as

1 .
vac)(y = —(~q)° € End(V(A), with = Tryn)((—q)20).
X

N=
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VO Approach
Eigenstates

o T(¢)|vac)(jy = |vac)1_j) eigenstate identified in [JM] as

1 .
vac)iy = —(—q)° € End(V(A), with x = Tryn,)((—9)*°).
X2
o T(Q)ive = NCQ)DIi)g, (il TL(¢) = M¢) Vg (i] vacuum eigenstates
indentified in [JKKKM] as
e = e A, B(i] = (Ni]e®,

F;, G; quadratic in g-oscillator aj,.
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VO Approach
Eigenstates

o T(¢)|vac)(jy = |vac)1_j) eigenstate identified in [JM] as
1 .
vachy = —+(—a)P € End(V(A), with x = Tryqay((—a)?°).
X2
o Ti(Q)le =MD e, (il Te(¢) = M¢) V(| vacuum eigenstates
indentified in [JKKKM] as
i)e = €A, g{il = (Aile,
F;, G; quadratic in g-oscillator aj,.

o Hence, T'(¢) = T1(¢) ® T(—q ¢ 1)t eigenstate is just

vao)y = —r—lide @ slil € V(A)® V(N)", or

’V8C>Ei) = — ’I'>BB<I" S End(V(/\,-)).
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VO Approach
Correlation Functions

o Let us define (N even)

; 1 /
PO, G ) 1= W(Mvadq’(ﬁ)q’(@) - ®(Cn) ® Ivac)(y,
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VO Approach
Correlation Functions

o Let us define (N even)

PO(Cy,Coy e () = 1 — (i) (vac| ®(C1)d(¢2) - - - () ® ]I\vac)’(,-),

(i) (vac]vac)(i)

1
1
X2

e Using |vac)(j) = (—q)P, |vac>2i) = B(i\1i>5|i>BB<i| gives

PO(Cr,Goyee e 1 Cn) = B(il(=q)P" ®(C1)P(G) - - D(Cw)|i) 5.

(il(—q)P"i)s
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VO Approach
Correlation Functions

o Let us define (N even)

; 1 /
PO, G ) 1= W(Mvadq’(ﬁ)q’(@) - ®(Cn) ® Ivac)(y,

1
1
X2

e Using |vac)(j) = (—q)P, |vac>2i) = B(i\1i>5|i>BB<i| gives

PO(Cr,Goyee e 1 Cn) = B(il(=q)P" ®(C1)P(G) - - D(Cw)|i) 5.

11 1 11 11

gmP(C1, G Com) et et e 1
® 5 = with G=G=..=Cn=—q},
and §m+]_ = <m+2 = ... = <2m =1.
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VO Approach
Alternative CTM Approach - 3 partition functions

Zou = Try 0 (AVE(OASHOAD (AR (©))

Zboundary — ('2<B, C|A(SI|)/V(C7 1)A$\II%/V(C7 1)‘81 €>£I)

Zascare = U(B: CIATE(C DAGHOAT (ARG DIB: O

NUALNG AL ARG A

oA
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VO Approach
Alternative CTM Approach - 3 partition functions

Zou = Try 0 (AVE(OASHOAD (AR (©))

Zboundary — ('2<B, C|A(SI|)/V(C7 1)A$\II%/V(C7 1)‘81 €>£I)

> |
: Ziacture = (B3 CIANE(S DAGHOAS (O AR (6, 1)IB: )
B}

B}

> 1) Use Asw(¢) ~

) 2) Use xing symmetry to relate different CTMs

3) Let |iyg ~ AV (¢, 1)[B; O, g(i] ~ Da(B; ¢|AS), (¢, 1),
to get
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VO Approach

Alternative CTM Approach - 3 partition functions

R T T O S

2D)

Zpulk = TFH(LI) (g

Zboundary = B<I|I>B

NUALNG AL ARG A

oA

ZLfracture = B(i’(_q)D’i>B
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The Boundary gKZ Equation

@ Interested in

G(i)(C17<27 o 7CN) =

=Bl ()P:G) - Oeu()l)e
1

mB(”(_q)Dq)ﬂ(Cl)(bsz(Q) T ¢5N(<N)|i>3

P(i)(C17C2"" 7CN) =
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VO Approac! h

The Boundary gKZ Equation

@ Interested in

G(i)(C17<27 o 7CN) =
B

B (7|02, (C1) P, (C2) - - O ()i} B,

PO, G- ) = - (i1(—q)P®e, (C1)Dey (G2) - - Doy (CN)) B

o Following hold:

KQ))le = Ao Ve

K(=q ') slil®(¢T) = /\(':)(—q_lC; r)s(il®(g%()
K(a72¢) slil(—q)Po(¢") = AD(g72¢ r)s(il(—q)Pd(q*C)
*(Q2) = P(2)P(¢1)

q)
PR(C1/¢2)®(z1
where K&'(¢) = K=S
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VO Approac! h

The Boundary gKZ Equation

@ Interested in

GO, G, Cn) = B<i:;-l.>BB<i‘¢51(<1)¢62(42)"'¢€N(CN)’i>B7
POGur o ) = =610 ()0 () Ganl Ml
o Following hold:
. KOeOli)s = AD(G e MINs
R(=a71) s(i19(¢™) = A(=g ¢ n)slil®(q20)
K(g72¢) 6{il(=a)Po(¢") = AD(g2¢nalil(—9)°d(g7)
PR(C1/G2)®(21)®(¢2) ®(¢2)®(¢1)

where iA(gl(C) = KZ5(0).

@ Insert into correlation fns to give boundary qKZ:
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VO Approach

Robert Weston (Heriot-Watt)

O, G197, G Cn) =

Rjj— 1(@/‘72@ 1) Jl(CJ/q2C1)A( 71(1')
le(ClCJ) Ry 1J(CJ 1CJ) J+1J(CJ+1CJ) ) an(Can)
KJ( J) JJV(CJ/CN) J,J+1(<J/<J+1)G( )(Cljgz-"' Cn),s

POy, G174 Grrr o 5 Cn) =

Rij- 1(cj/q4g 1) Ria(G/a' WK (—a72¢)
RlJ(ClCJ) Ry LJ(CJ 1@) J+1,J(CJ+1CJ) "an(Can)
K( ) JN(CJ/CN) J,J+1(CJ/<J+1) (Cl,sz" 7CN)-
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VO Approach

° GO(Cr, 1 Go1.q %G, Gy 5 ) =
Rjj— 1(@/‘72@ 1) Jl(CJ/q2C1)A( 71(1')
X Ryj(€1¢) -+ Rj—1,i(G-1G) Ri1(G1G) - -+ Raj(Cn)
X Ki(G)Rin(G/Cn) - J,J+1(<J/<J+1)G( (G, G Cn),s

and POy, G174 Grrr o 5 Cn) =
Rij- 1(cj/q4g 1) Ria(G/a' WK (—a72¢)
X Ryj(GG) - - Ri—1,i(G-16)) J+1,J(CJ+1CJ) - Rnj(CnGj)
X K( ) JN(CJ/CN) J,J+1(CJ/<J+1) (Cl,sz" 7CN)-

° H: w(<17 tet ;CN) related to W(gla . 7r%

W(rz/¢1,Cay -+, Cn), then gKZ of type

/Cn) and
r,s),
level ¢ [PdiF:math-ph/0509011].

and s = g2(2+0 defines

’_\U'l

Robert Weston (Heriot-Watt)
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VO Approach

o If W((y,:--

S
W(rz/¢1,Cay o, (), then gKZ of typ e (r,
level ¢ [PdiF:math-ph/0509011].

@ Hence

Robert Weston (Heriot-Watt)

O, Go1, 072G, Grts ) =

Rij- 1(<j/q2cj D) RGP R(—a7')
le(ClCJ) - Rj— 1J(CJ 1CJ) J+1J(CJ+1CJ) ’ an(Can)
Ki(G)Rin(G/Cn) -+ Rija(Gi/G1) (G G-+ ),

POy, G174 Grrr o 5 Cn) =

Rij- 1<cj/q4<j 1) Ria(G/a* R (—a72¢)
RlJ(ClCJ) Ry LJ(CJ 1@) J+1,J(CJ+1CJ) "an(Can)
K( ) JN(CJ/CN) J,J+1(CJ/<J+1) (Cl,sz" 7CN)-

N

,Cn) related to W((y, - -+ % /Cn) and
s),

and s = g2(2+0 defines

(r,s) = (q~*, g*) with level =0 for boundary
(r,s) = (g8, q®) with level =2 for fracture
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Integral Expression

Integral Expression

@ Use free-field realisation to give integral expression for

A (CHCRINNN : BB<iI(—q)D¢sl(C1)¢e2(C2)'“¢eN(CN)!f>B

s{il(=a)Pli)
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Integral Expression

Integral Expression

@ Use free-field realisation to give integral expression for

PO Goree () = s s1(=0) 0 ()0 (G) - Oep (NI

@ Then specialise to give

1
() <vac|vac>’(i)
ng(I)(C].? C2’ o ,<2m)7537“, 775%’,5””.“ €10
with the choice
G=G=w=(n=—-q" (n1=C(mi2=..=Cm=1

(i){vac|E5m - - E;,; Ef,11|vac>’(,-) =
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Integral Expression

The overlap (;){vac|vac),

We find [with (a; b1, by)oo = [I° (1—abl.. b,{,N)}

Ji, Jn=0
0) <vac|vac)’(0)

4l (r2q'°;
= (9% 9")%

r2q'% ¢%, ¢°)%, (3% 0% 4%) (9% 4% ¢%)sc
(r’a* ¢®, 4®)sc(r?q'%: 6%, ¢®)oc (r29*: 4%, ¢®)o (975 6%, 4%)oc

—A=2. ——A=3

(0) <vac|vac>’(0)|2 vs h o

T T T T 1
0 1 2 3 4 5 6
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Integral Expression

Fracture Magnetization

@ We have

(i){vac|of |vac)(, B

M) = ((vacjvac)l, £ (P(i)(_qil’ 1)+ = PO(=q, 1)+_> |
! ()

i
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Integral Expression
Fracture Magnetization

@ We have

(i )<vac|01|vac>( ) _

Ny = (1 -1 _ p(_4-1
M (r) 0 <vac|vac>(') (P ( ’1)—+ P ( q 71)+—)'

Defining z := (2, get gP "(—q77¢.¢) =

—(¢%z)'z(1 - q2)2]{ v W /()
¢ 2my/—1(w — z)(w — g?z)(w — g*z2)

+
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Integral Expression
Fracture Magnetization

@ We have

(i )(vac]al\vac)( ) _

D(ry: = () -1 _ pli)y_41
M (r) 0) (vac|vac>(,) (P ( ’1)*+ P ( q 71)+*)'

Defining z := (2, get gP ' (—q71¢,¢) =

. dw wl™/ (i
(?2)2(1 — 2]{ /"0
(6°2)'z(1-q) ) 2my/—1 (W — 2)(w — q?2)(w — q*2)

10 = FO(6°2% 0%)oe(d* /2% 6)oc(01 6°)o0(07%; 02O (47 W)

q
1

(2w B)oc( @/ (2W): 6®)oc(a22/W: B)oc(@W/Z: B) o
1
(q

(0 2w; 8)oc(@®/ (2W); B)oc (@02 W; B)oc (W /2 B)oc”
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Integral Expression
Fracture Magnetization

@ We have

(i )(vac]al\vac)( ) _

D(ry: = () -1 _ pli)y_41
M (r) 0) (vac|vac>(,) (P ( ’1)*+ P ( q 71)+*)'

Defining z := (2, get gP ' (—q71¢,¢) =

. dw wl™/ (i
(?2)2(1 — 2]{ /"0
(6°2)'z(1-q) ) 2my/—1 (W — 2)(w — q?2)(w — q*2)

(4°rz: 4°)oo(a*r/ 2 6%)oc (4°rw; G®)oo(q*r/wi ¢%)

(98rz;4®)oc(@?r/2: 6%) oo (rw; 4®)oc(qOr/w; ¢®)so

) _ ((2):6%)00(9°2/r: 6°)o0 (4°W/1: 8)oo(9°/(rw): 4°)
(a°/(r2); 4®)oc(@*z/1; 4%)oo (q*w/1; 4®)oc(q? /()i ¢8) e

and FO —

Robert Weston (Heriot-Watt) Fractured XXZ EMPG, November 2nd, 2011 21 /25



Integral Expression
Fracture Magnetization

@ We have

(i )(vac]al\vac)( ) _

D(ry: = () -1 _ pli)y_41
M (r) 0) (vac|vac>(,) (P ( ’1)*+ P ( q 71)+*)'

Defining z := (2, get gP ' (—q71¢,¢) =

. dw wl™/ (i
(?2)2(1 — 2]{ /"0
(6°2)'z(1-q) ) 2my/—1 (W — 2)(w — q?2)(w — q*2)

10 = FO(6°2% 0%)oe(d* /2% 6)oc(01 6°)o0(07%; 02O (47 W)
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Integral Expression

o Conjecture (correct to at least O(g):

O 1

M™(r) 1-2(1 );(1_rq4n)

S _ A2\n

cf. I\/Il()g)und(r) = —1—2(1—r)22(1(_qrqgn)2
n=1
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Integral Expression

o Conjecture (correct to at least O(g):

0 (_q2)n

(0) - _1_9(1— 74
MO(r) 1-2(1 r); 0= )
00 2\n
0 (_q )
ef M) = —1-20-nY F
n=1
@ Special points:
2. 22
MO — 1) — _M, h=0
( ) (—9% a¥)%
Ny — MO (g 1@
M( )(r - O) - Mbound(r - 0) - _1 + q2’ h = hiny
MO(r=1) = M, (r=1)=-1 h=co
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Integral Expression

Recall picture:
I R B I R B
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Integral Expression

— — Spont mag
— Bound mag
—-— Fract mag
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Summary & Discussion
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Summary

Summary & Discussion

@ This is a natural geometry to consider
o Differences to pure boundary case explained by extra (—q)P in
correlation functions
- gKZ of different level
- integral formula more complicated
@ Integral formula are efficient way of giving g-expansions
@ Generalisable to RSOS, sl,, elliptic case ...

@ Our fidelity is a measure of quantum entanglement - measurable?
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Summary

Summary & Discussion

@ This is a natural geometry to consider
o Differences to pure boundary case explained by extra (—q)P in
correlation functions

- gKZ of different level
- integral formula more complicated

@ Integral formula are efficient way of giving g-expansions
@ Generalisable to RSOS, sl,, elliptic case ...

@ Our fidelity is a measure of quantum entanglement - measurable?

Thank you
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